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understanding of the interdependence of all segments of the total ^ 
environment, allotment; review lecture (5 minutes) , class discussion 
(10 minutes) , new material lecture (10 minutes) , and class discussion 
(25 minutes). The ” small-group” class used this allotment; review and 
new material lecture (10 minutes), small-group discussion (30 
mj nutes) , an V class discussion (10 minutes). The size of the 
discussion groups alternated weekly between three and four stud nts. 
Group composition was randomly determined. Group leadership r 
rotated daily. The following measures were analyzed: (1) 

computational skills, (2) achievement on examinations of ind^ ^c.aent 
reading ability in mathematics, (3) attitude toward mathematics, and 
(4) overall course achievement. The differences which were analyzed 
and found to be Significant ^included: (1) the post-test measure of 

computational skills for the small-group class was better (.05) than 
the pretest measure, (2) the independent reading measure for the 
upper half of the small-group was better (-01) than that of the upper 
half of the lecture class. Other differences found between criterion 
measures were not significant. (Author/RS) 
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ABSTRACT 



A PILOT STUDY ON THE USE OF SMALL-GROUP DISCUSSION 
IN A MATHEMATICS COURSE FOR PRESERVICE 
ELEMENTARY SCHOOL TEACHERS 

K ~y Howard Thoyre 

Under the supervision of Professor John Grover Harvey 
The Problem 

The basic question considered in this study was "Can a 
mathematics class of preservice elementary teachers working in small 
groups examine all of the course content formally included in a class 
taught by lecture-class discussion technique without sacrificing over- 
all course achievement?" Three related questions also considered 
dealt witii computational skills, attitude toward mathematics, and the. 
ability to read unfamiliar mathematical material independently pos- 
sessed by participants in the two classes. 

The Procedure 

Two classes of pre service elementary school teachers enrolled, 
during the spring semester of 1969, in the four-credit mathematics 
course required of all elementary education majors at Wisconsin State 
University - Stevens Point participated in the study. There were 
23 students in one section and 27 in the other. Both classes were 
taught by the same instructor and studied from the same set of 
instructor-prepared notes. . 



Approximately 30% of the £0 minute class period in the 
lecture-class discussion (LCD) section was devoted to instructor- 
dominated activities including review of previously discussed 
material and introduction of new topics. The remainder of the 
class period was an instructor- led class discussion of topics 
introduced in the lecture and development of new concepts. 

In the lecture-small group discussion (LSGD) section, the 
initial time segment of ten minutes was an instructor-dominated 
lecture period. The following 30 minutes was devoted to small-group 
discussion of concepts related to the lecture and new material. The 
students were given- no direct assistance by the instructor. The last 
ten minutes of the period was spent in a class discussion of topics 
and problems encountered by the individual discussion groups. 

The sizes of the discussion groups alternated weekly between 
three and four students. Group composition was randomly determined. 

Group leadership was on a rotating basis daily. 

y[p,p'- gnrw'j on the following crlwer-L.on measures were analyzed 

by an analysis of covariances ( 1 ) computational sfeiils, (2) achieve- 
ment on examinations of independent reading ability in mathematics, 

( 3 ) attitude toward mathematics, and (U) overall course achievement. 

A t-test was used to compare within-grourr nrsan scores on pre- 
and posttest computational skills and attitude toward mathematics,. 

Findings and Conclusions 

The following are among the r esults and inclusions reported 
in the dissertation. Conclusions are based on feta collected, analysis 
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of the data, and an analysis of a questionnaire on the student's 
opinion of the course. 

1, There was a significant difference, at the .05 level, 
between pretest end posttest scores of the LSGD section 
on the computational skills criterion measure. 

2.. Although posttest mean score exceeded pretest mean 

score on the attitude scale in both sections, neither 
was significantly greater at the .05 level of confidence. 
Differences between mean scores of the two groups on 
each of the criterion measures failed to be significant 
at the .05 level, although in each case the mean score 
of the LSGD section was greater than that of the LCD 
group . 

U. The mean score of the upper one-half abi i.t; 

the LSGD section was significantly greater, at the .01 
level of confidence, than the mean score of the upper 
one-half ability level of the LCD section on the criterion 
measure "achievement on tests of independent reading 
ability in mathematics.' 1 

5. The LSGD group examined the same amount of mathematical 
material as the LCD section without sacrificing course 
achievement* 

6. Students in the LSGD section were more inclined to 
believe their attitude toward mathematics had been 
enhanced over the semester than did students of the 
LCD group . 

e 



7. A. group size of three and a group size of four with 
random pairing within the group were equally favored 
by students of the LSGD section* 
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CHAPTER. I 



THE PROBLEM 



The two basic question j be explored, in this study are: 

1. In a mathematics course for pcreoervice elementary school 
teachers, can as mu csh ma^hemsftical material be covered by 
a class in which the students; read and discuss almost all 
of the course content w_-t.h in small work— groups as is 
covered by a class tauighh by a conventional lecture- 
class discussion techi.:: .que? 

2. In terms of overall course achievement, will the small- 
group discussion class compare favorably with a class 
taught by a lecture— class discussion technique? 

In essence, the two basic questions ask whether a mathematics class 
for preservice elementary teachers can be taught using a small-group 
discussion approach without sacrificing content cr understanding of 
basic concepts. 

In anticipation of affirmative answers to the two basic ques- 
tions, three secondary questions will be considered: 

1. Will the students in the small-group discussion class 

perform as well as the students in the lecture-class 
discussion group on a test of arithmetic computational 
skills? ' 

2. Will participation in the small-group discussion class 
have a more favcms£>le eff ect on the students* attitude 
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toward mathematics than participation in the lecture- 
class discussion group? 

3. Will the participants of the small-group discussion 

class perform significantly better than the students of 
the lecture-clas 3 discussion group on examinations re- 
quiring the ability to read unfanri lar mathematical 
material independently? 

The relevance of secondary question (l) to the undergraduate 
preparation of elementary school teachers of mathematics is obvious 
and the significance of a positive attitude toward mathematics will be 
discussed in Chapter U. The importance of the ability of elementary 
teachers to read unfamiliar mathematical material independently and 
with understanding can be argued by considering the recommendations 
of the Committee on the Undergraduate Program in Mathematics; the 
recommendations and projections of the Cambridge Conference on School 
Mathematics; the recommendations of the Cambridge Conference on Teacher 
Training,, and then looking at the success achieved in the implementatxon 
of these recommendations* 

The work of SMSG and UICSM in the latter part of the 1950 ' s 
and early I960 1 s has had a profound effect on both the elementary and 
secondary school mathematics curriculum. There has been a substantial 
change in the topics previously thought to be the domain of the 
elementary school program, but an even greater change has occurred in 
the method and spirit of instruction. It is no longer sufficient to be 
just a good drill-master in the teaching of elementary school mathematics 
Today's elementary teacher must not only have a firm grasp of the 




computational skills and algorithms of arithmetic, but must clear ly 
under stand the basic mathematical concepts of arithmetic. 

The report of the Cambridge Conference on School Mathematics, 
Goals for School Mathematics (1963 ) > suggests the need for an e^en 
greater Inovledge of mathematics -in the foreseeable future. Their 
curriculum for the elementary school., grades K through six, inciiKdes 
a study of 2 x 2 matrices, finite field, elementary Diophantine prob- 
lems, density of the rational numbers, conic sections, polar coordinates, 
vectors, elementary logic, mathematical induction, isomorphisms, linear 
transformations, trigonometric and logarithmic functions. Adler (1966, 
pp. 210-17) cites four reasons for concluding that the report of the 
Cambridge Conference is indeed realistic: 

1. The children can learn more than we think they can. 

2. The transition from one stage of learning to the nexrt 
can be accelerated by a better curriculum and better 
teaching. 

3» The early use of the concepts of mathematical structure 
accelerates learning by simplifying the subject matter. 

U. Changes like those proposed by the report have already 
been tried successfully. 

The report of the Committee on the Undergraduate Program in 
Mathematics (CUFM) entitled Recommendations for the Training of Teachers 
of Mathematics (1961) recommended four three-semester-hour mathematics 
courses for prospective elementary teachers. These Level I recommenda- 
tions ares 

(A) A two-course sequence devoted to the structure of the 
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real number system and its subsystems. 

(B) A course devoted to the basic concepts >f algebra. 

(C) A. course in informal geometry. 

This recommendation presumes at least a twW fear high school 
mathematics sequence, exclusive of general mathematics. 

The recommendations of the Cambridge Cor:fers:.v:ce on Teacher 
Training (1967) are somewhat more ambitious. Althcnt^h the conference 
did not consider their recommendations to be im ccnflLLct with those of 
CUPM, they do concede that their proposals M . . . are aimed (hopefully) 
at a time when the CUPM recommendations will have beers strongly imple- 
mented and the new generation of potential teachers^ ». « • , will have 
profited by that implementation" (Cambridge Conf erer' e on Teacher 
Training, 1967, p« 15). 

Unfortunately there is a sizeable gap between the recom- 
mended undergraduate preparation of elementary teachers and that which 
is presently being offered. Fisher (1967, PP* 19U-197), in a survey of 
78 randomly selected teacher training institutions in the United States, 
found that in 1965 the average number of semester hours required of 
elementary teachers was only U . 15 • A survey by the CUPM Panel on 
Teacher Training (Committee on the Undergraduate Program in Mathematics, 
2 . 966 , pp o 138-1)4.8) of 901 colleges and universities engaged 5n teacher 
training revealed that in 1966, approximately 38# of the schools required 
from 3 to U hours, 37# required 5 to 6 hours, and about 12# required more 
than 7 hours in mathematics courses for prospective elementary .'Cbo- 1 
teachers. These percentages do indicate an Increase in the required 
hours from 1961 to 19.66, however, they still fall far short of what is 
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desired. The demands being made for additional time in the under- 
graduate program of elementary teachers by other disciplines— —Qnglish 
and the physical sciences, particularly — makes the prospect of achiev- 
ing a twelve semester-hour sequence in mathematics seem rather remote 
at this time. 

In view of the projections for the introduction of an in- 
creasing number of new topics in the elementary school program and the 
ri-lm prospect of increasing the amount of mathematics required by pre- 
service elementary teachers much beyond eight semester-hours, an tinder- 
graduate mathematics program must provide the opportunity for the 
student to enhance his ability to read new mathematical content inde- 
pendently and with understanding. Therefore, in the opinion of this 
investigator, an undergraduate mathematics program for elementary 
teachers must not only provide an opportunity for the student to master 
the basic mathematical concepts underlying arithmetic, to master the 
computational skills of arithmetic, and to enhance his attitude toward 
mathematics, but also to improve his ability to work independently in 
mathematics.. Answers to the two basic questions and the three secondary 
questions posed at the beginning of this chapter will indicate whether 
one tea chin g -technique is to be preferred over the other in the achieve- 
ment of these objectives. 

To answer these questions, two groups of preservice elementary 
teachers were used in this study. One group was taught using a lecture- 
class discussion technique and the other by a lecture-small group dis- 
cussion technique. The first basic question will be answered by com- 
paring the amount of material covered by one section to that covered 
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by the other section. The remaining four questions will be answered 
by a statistical analysis of the following hypothesis: 

Hypothesis 1. There is no significant difference between 
the mean scores of the two groups with 
respect to 

(a) overall course achievement as measured 
by three unit tests and a final examina- 
tion , 

(b) computational skills as measured by a 
standardized test on basic arithmetic 
computational skills, 

(c) attitude toward mathematics as measured 
by an attitude scale, 

(d) the ability to read unfamiliar mathe- 
matical material independently and with 
understanding as measured by four in- 

s true tor-pr epar e d examinati on s • 

In addition to comparing the two groups in terms of the basic 
question of overall course achievement and the three secondary questions, 
the upper and lower one-half ability levels, as determined by A.C.T. 
mathematics percentile scores, of each group will be compared. Specifi- 
cally, the following hypotheses will be investigated: 

Hypothesis 2. There is no significant difference between 
the mean scores of the two upper one-half 
ability levels as determined by A.C.T. 
mathematics percentile scores with respect to 
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(a) overall course achievement as measured 
by three unit tests and a final examina- 
tion, 

(b) computational skills as measured by a 
standardized test on basic arithmetic 
computational skills, 

(c) attitude toward mathematics as measured 
by an attitude scale, 

(d) the ability to read unfamiliar mathe- 
matical material independently and with 
understanding as measured by four in- 
structor-prepared examinations . 

Hypothesis 3. There is no significant difference between the 
mean scores of the two lower one-half ability 
levels as determined by A . C . T • mathematics 
percentile scores with respect to 

(a) overall course achievement as measured 
by three unit tests and a final examina- 
tion, 

(b) computational skills as measured by a 
standardized test on basic arithmetic 
computational skills, 

(c) attitude toward mathematics as measured 
by an attitude scale . 

(d) the ability to read unfamiliar mathe- 
matical material independently and with 




understanding as measured by four 
instructor-prepared examinations. 

Previous studies related to the three hypotheses will be 
discussed in Chapter II. There are many studies related to the under- 
graduate preparation of elementary teachers of mathematics, but ths 
predominant theme is one of determining their abilities, positive atti- 
tudes toward mathematics, or lack thereof. Very little effort has been 
channeled in the direction of determining methods of making optimum use 
of the four to eight hours available in their undergraduate program for 
mathematics instruction. 

The design used in the study is outlined in Chapter III. 

Basic definitions, instructional methods, and statistical procedures 
are given. S in ce analysis of covariance is used, the criteria for the 
selection of the covariates are discussed. The chapter also includes a 
description of the population sample, instruments of measurement, and 
data obtained from the measurements . 

In addition to the analysis of the specific questions to 
be investigated. Chapter XV includes an analysis of a questionnaire 
de alin g with mechanics of the instructional techniques, examinations 
given dur in g the semester, and amount of time spent in study outside of 
the classroom. 

Conclusions and recommendations stemming from the study are 
given in Chapter V. The recommendations include suggestions for 
additional research related to the main problem. 
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CHAPTER II 



LITERATURE RELATING TO THE PROBLEM 



The literature as it pertains to the two basic questions and the 
three secondary questions advanced in Chapter I will be surveyed in this 
chapter. Since a majority of the studies surveyed dealt with all three 
of the variables "computational skills, " "attitude toward mathematics* " 
and "understanding of the basic concepts of mathematics, "no attempt 
will be made to separate the literature as it relates to these three 
variables. Studies relating to the ability of students to read mathe- 
matical material independently will be considered separately, however. 
Finally, studies relating to small-group discussion classes in mathe- 
matics as they pertain to classes of preservice elementary school 
teachers will be reviewed. 

S in ce; the performance by the small-group discussion section on 
various criterion measures will be compared with the performance of the 
lecture— class discussion section, the literature relating to the effect 
of an undergraduate mathematics course for prospective elementary school 
teachers, taught by a lecture or lecture-class discussion approach, on 
the computational skills, attitudes toward mathematics, and understanding 
of basic mathematical concepts will be surveyed. The investigator is 
not aware of any studies done with pre service elementary school teachers 
in which the lecture-small group discussion technique has been employed. 
In the remainder of the chapter, unless specifically stated to the con- 
trary, the- teaching; technique used in each study cited was of the 
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lecture or lecture-class discussion type or was not described in the 
study. 

Studies relative to the computational skills, knowledge of 
basic mathematical concepts underlying arithmetic, and attitudes toward 
mathematics possessed by preservice elementary teachers before and after 
completing a mathematics course for elementary teachers are fairly con- 
sistent in their conclusions. The majority of the studies indicate that 
prospective elementary school teachers improve their computational skills, 
advance their understanding of the basic mathematical concepts underlying 
arithmetic, and enhance their attitude toward mathematics after taking a 
mathematics course specifically designed for the elementary school 
teacher of mathematics. 

In a study conducted at Brigham Young University with 186 
students enrolled in a required mathematics course for elementary educa- 
tion ma jors. Gee (1966, p. 6j?28A) concluded that "There was a significant 
gain in basic mathematical understanding by prospective elementary 
teachers while taking this course." Gee used Glennon's "A. Test of Basic 
Mathematical Understanding" to measure the students' initial and final 
understanding of basic mathematical concepts. To measure the students' 
attitude toward mathematics. Gee used Dutton's "Arithmetic Attitude 
Scale." He found that ". .. attitudes of prosepctive elementary school 
teachers toward mathematics were improved by taking this course." 

Additional results cited by Gee relevant to the present study 
include his conclusion that there is a positive significant relationship 
between pretest scores on the attitude scale and final grades and between 
A.G.T. mathematics scores and pretest scores on mathematical understanding. 




He concludes that ". . . A.C.T. math score is a good predictor of success 

in this course as measured by the final grade." 

Todd (1966, pp. 198-201) found that a course similar to the CUPM 
number systems course given to 287 students "... produced significant 
changes in understanding of arithmetic concepts and in attitude toward 
arithmetic for students who completed the course." Glennon's "A Test of 
Basic Mathematical Understanding" and Dutton* s "Arithmetic Attitude Scale" 
were used to measure initial and final understanding of mathematics and 

attitude toward mathematics, respectively. 

In a study comparing the performance of inservice teachers on 
an investigator-prepared test of traditional and modern arithmetic con- 
cepts and symbols. Harper (196U, pp. 5U3-U6) found that teachers who had 
had a mathematics course specifically designed for elementary school 
teachers scored significantly better than teachers who had had up to 
six credits of college mathematics, but had not had the mathematics 
course for elementary teachers. 

To determine whether a course in modem mathematics is a factor 
which influences teacher attitude toward mathematics in general. Rice 
(1965, p. 1U33A) constructed a U3 item Likert-type attitude scale and 
administered it to 608 inservice elementary teachers. Rice concluded 
that training in modern mathematical materials appears to foster more 
favorable, attitudes toward mathematics in general. 

Foley (1965, p. U320), in a study investigating the effective- 
ness of large group instruction with small discussion groups of approxi- 
mately 20 students, measured the students* initial and final understanding 
of basic concepts of arithmetic and attitudes toward mathematics . He 
found that the students improved their understanding of basic mathematical 
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concepts, but that there was no significant gain in attitude toward 
mathematics. Foley also concluded that there was . .no substantial 
correlation between mathematics competency and attitudes toward mathe- 
matics." This result contradicts the previously cited conclusion by 
Gee. Unfortunately Foley does not indicate what instruments were used 
to measure either of the two criterion variables. 

In an effort to devise an instrument to measure the attitude 
toward mathematics possessed by prospective elementary school teachers 
that did not give the immediate appearance of an instrument obviously 
designed to sample attitudes toward mathematics, Kane (1968, pp. 169- 
17 £) prepared a questionnaire in which students were asked to rank 
their preference for English, science, social studies, and mathematics 
relative to questions such as "It was most (least) enjoyable to me," 

"It was the area in which I learned the most (least)," etc. The 
questionnaire was given to elementary education majors that had completed 
two courses in mathematics for elementary teachers and a three— credit 
methods of teaching elementary school mathematics course. Kane concluded 
(p. 173) that". . . the attitude of these prospective teachers toward 
mathematics is relatively high. Mathematics and English (language arts) 
consistently command more positive attitudes than social studies and 
science." Kane further concluded (p. 17U) that "• . . prospective 
teachers who have relatively unfavorable attitudes toward mathematics 
tend to prefer teaching assignments in the primary grades, while those 
that have the most favorable attitudes toward mathematics tend to pre- 
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fer assignments in the intermediate grades." 

An elaborate study dealing with the effect of various lecture 
time-treatments and lecture techniques on computational skills, under- 
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standing of basic concepts of math em&v tics, attitude toward math ema tics 
and course achievement was done by Northey (1967). The two variables 
were "time spent in lecture" and "lecture technique (either inductive or 
deductive)." The time treatments were 7k% to 26 % 9 $0% to 50$, and 26$ to 
7U$ for lecture versus class discussion, respectively. Northey found no 
significant difference between the mean scores on the criterion measures 
of the various time and lecture treatments, but he did conclude that 
computational skills attitude toward mathematics, and course achievement 
were best enhanced by 7U$ discussion and either inductive or deductive 
lecture. 

Even though all of the previxmis studies indicate that computa- 
tional skills and knowledge of basi£ nimthematical. concepts of elementary 
school mathematics teachers are improved upon making a mathematics course 
for elementary teachers, Dutton ( pp« 223-33.) feels that the improve- 
ment can be even greater. Dutton used an arithmetic concepts test to 
diagnose difficulties in arithmetic and students were then given sugges- 
tions for correcting them. He concludes (p. 230) that the • . elementary 
teachers in this study made marked progress in the mastery of mathematical 
concepts when instruction was individualized and adjusted to their needs." 

In an earlier study involving 127 preservice elementary school 
teachers in which he investigated the attitude changes of prospective 
elementary school teachers, Dutton (1962, pp. U18-2U) found that 
"Attitudes toward arithmetic, once developed, are tenaciously held by 
prospective elementary school teachers." Dutton goes on to say that 
". continued study should be made of changing negative attitudes 

toward arithmetic at the •university level and through inservice instruc- 
tion while doing regular classroom teaching 



Dutton gives some evidence to support a claim, that positive 
attitudes may be positively correlated with achievement, but he has no 
strong conviction along these lines. This last conjecture by Dutton is 
supported by a conclusion drawn by Gilbert (1966, p. 981A) in an investi- 
gation into the effects of various backgrounds in high school and college 
mathematics on the understanding of arithmetic concepts possessed by 
prospective elementary school teachers. Basing her conclusion on data 
gathered through the administration of standardized arithmetics tests 
and a questionnaire, Gilbert concluded that "Students indicating a more 
positive attitude toward arithmetic also seemed to exhibit a fuller 
understanding.” Gilbert recommends that the two major objectives of 
content courses for prospective elementary school teachers of mathematics 
should be the development of a fuller under standing of arithmetic as 
well as an improvement in attitude toward mathematics . 

Two studies, one by Bassham, et. al. (196U, pp. 67-72) and the 
other by Lerch (1961, pp. 117-19), when considered together stress the 
importance of striving to improve the attitudes toward mathematics of 
preservice elementary school teachers of mathematics. Bassham, et. al. 
studied the attitude and achievement of a group of 159 fifth and sixth 
grade students. Dutton's "Scale for Measuring Attitudes Toward Arithmetic, 
and the "Iowa Tests of Basic Skills (Arithmetic Concepts)" were used to 
measure attitude and achievement, respectively. The authors concluded 
(p. 71) that "After weighting for individual differences in intelligence 
and reading comprehension, an important difference in mean scores of 
mastery in fundamental concepts of arithmetic was found to exist between 
those pupils classified as in the upper two-fifths and those classified 
as in the lower two-fifths of a distribution of attitude scale scores. 
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In fact, the authors found nsarly three times as many high— attitude 
pupils over-achieved .65 grsde as under-achieved by .65 grade. 

The study by Lerch involved two fourth grade classes; one class 
ability grouped and re-grouped when new topics were discu^ed while the 
other was a non-grouped class. Lerch, upon investigating the attitudes 
of the two groups toward arithmetic, was able to conclude & p. 119) that 
"The child* s attitudes toward arithmetic are more basically dependent 
upon his teachers* attitudes and the methods they employ than they are 
upon classroom organization." 

Another study done at the fourth grade .level that cites an 
association between attitude toward arithmetic and achievement is 
reported by Lyda and Mors<e (1963, PP* 136-138) « The students were given 
Dutton’s "Arithmetic Attitude Scale" and the "Stanford Arithmetic Achieve- 
ment Test" before and after instruction. The authors strove to teach 
"to reveal concepts and rationale of a process and the relationship of 
processes to each other." The authors called this "meaningful teaching.* 
They were able to conclude (p. 138), as a result of their investigation, 
that "Associated with meaningful methods of teaching arithmetic and 
changes in attitude are significant gains in arithmetic achievement, 
that is, in arithmetical computation and reasoning." 

The literature relating to the last of the secondary questions 
posed in Chapter one, that is, the question dealing with the ability o± 
prospective elementary teachers to read, independently and with under- 
standing, -unfamiliar mathematical material is virtually non-existent. 
However, in terms of long range benefit to the student, it seems apparent 
that this question is of the utmost importance. The report of the 
Cambridge Conference (1967, p» 39) holds that "• • • it is unlikely 
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that there would, again he such a freezing of the ma thamatnc 3 curriculum 
as took place in the last century and a kalf . It therefore appears 
quite hopeless and inappropriate to expast that preservice training 
could be extensive enough to equip a teasher for a lifetime.'' Teachers 
possess in g the ability to read and understand mathematical material 
could derive great benefit from well-written teacher commentaries and 
short monographs aimed specifically at chis audience. Kbrody (1966, 
pp. 30-31) writes "It would be anticipated that a student who completed 
a course of study in mathematics, especially designed f:or elementary 
teachers, would have sufficient background to be able to pick up a good 
teachers' commentary to a 'new' textbook series in ariu t hm etic , and with 
its help design a lesson in arithmetic which would present the material 
in a meaningful fashion." There does not seem to be any reason to believe 
that successful completion of a mathematics course for preservice elemen- 
tary teachers taught by a lecture or lecture-class discussion approach 
will enhance the students' ability to do independent work. 

In a study on the ability of college freshmen to read a chapter 
on the hyperbola independently, Filano (1957, PP» 16-18) concludes ". . . 
practical equivalence, in terms of student achievement of the two methods 
(i.e., independent reading versus lecture— class discussion)." However, 
Filano indicates that the results could be misleading since the unit on 
the hyperbola was covered immediately after a discussion of the ellipse 
and guidance was given in the form of specific problem assignments. 

There is also one other consideration in the applicability of 
Filano* s study to preservice elementary school teachers. The study 
does not state so specifically, but one may assume that the subjects 
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had similar backgrounds in terms of high school units in mathematics. 

This, has not been the case in classes of prospective elementary school 
teachers over the past eight years at Wisconsin State University - 
Stevens Point. Furthermore in each of the studies previously cited 
involving preservice elementary school teachers where the authors gave 
a description of the population sample, homogeneity of high school 
background did not exist. It is not unusual for a class of prospective 
teachers to have a background range of from one to four years of high 
ren al mathematics and up to four or more college credits in mathematics. 

Turner, et. al. (1966, pp. 768-70) conducted a study using all 
students in their Fundamentals of Mathematics and College Algebra classes 
at Mankato State College. The experimental groups were taught by a 
lecture-discussion method two or three days per week with the remaining 
days spent in smaller discussion groups. The discussion groups were 
handled in one of three ways: (a) students worked together in groups 

of three students with one of the students acting as leader (the in- 
structor in charge was present but did very little talking to the 
groups); (b) students worked together in groups of 5 or 6 with a 
mathematics ma)or leading the discussion; and (c) a graduate assistant 
was in charge and used a variety of methods of instruction. Unfortunately, 
these methods were not reported. The control groups consisted of about 
50 students per class and were taught by a lecture-discussion method 
each day. Turner (p. 770) concludes that "The results of using the 
various treatments indicated no significant differences in achievement 
[as measured by a common instructor-prepared examination! ." Wo results 
were reported or conjectures made on the effect of the three-student 
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work group treatment on the ability of these students to work independ- 
ently. 

As with Filano’s study, the applicability of this study to a 
class of preservice elementary school teachers can be questioned because 
of the probable uniformity of high school preparation of the students in 

Turner 1 s study • 

There are a number of studies tangentially related to the 
acquisition of the ability to read mathematical material independently 
and with understanding. McKeachie (1963, P* H32) says of the student- 
centered group discussion instructional technique ”. . .if students 
are to achieve application, critical thinking, or some other higher 
cognitive objective, it seems reasonable to assume that they should 
have an opportunity to practice application and critical thinking.” 
McKeachie (p. llliO) goes on to cite 11 studies that show "... signif- 
icant differences in ability to apply concepts, in attitudes, in moti- 
vation, or in group membership skills . . where the discussion 
techniques favored greater student participation. Finally, McKeachie 
claims (p. 11 U 0 ) "The more highly one values outcomes going beyond 
acquisition of knowledge, the more likely that student-centered methods 

will be preferred." 

Studies dealing with the most effective small-group size are 
inconclusive. For example. Hare (1952, pp. 261-67) states that if the 
group task is a technical one, a larger group may have a higher 
probability of solving the problem in a s hor ter time and South (1927, 
pp. 3U8-368) states that on abstract tasks, groups of three took 
longer to solve the problem than groups of six. On the other hand. 
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on a "Twenty Questions" type concept formation problems, Taylor and 
Faust (1952, pp. 360-368) report that groups of two persons obtained 
the answer in shorter time but failed more often than did groups of 

four. 

Schellenberg (1959, pp. 73-79) found that in 32 social science 
classes in which the discussion groups were of size b, 6, 8, and 10, 
a higher degree of satisfaction among the students and higher instructor 

grading existed in the smaller groups. 

Hare (1962, p. 22U), in discussing discussion-group size, states 

that when the time allowed for discussion is limited ". . . the average 
member has fewer chances to speak and intermember communication becomes 
difficult. Morale declines, since the former intimate contact between 
members is no longer possible." Hare (p. 225) argues again in favor 
of a smaller group size when he states "Although the larger group size 

has-in its membership a greater variety of resources for problem-solving, 
the average contribution of each member diminishes and it becomes more 
difficult to reach consensus on a group solution." The conjecture that 
a group with an odd number of members may be desirable is advanced by 
Hare (p. 2U); the odd number of members making a deadlock on a decision 

unlikely . 

Bales and Borgatta (1955, PP- 396-U13) reported a decrease in 
the group exploration of different points of view and a more direct 
attempt to reach a solution to a group problem regardless of disagree- 
ment when group sizes were increased from two through seven. These 
group actions were associated with the increased restriction of time 



available to the participants « 
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Guidelines for establishing group composition are not universal. 
Cohen (1957, pp. 135-lWO claims that groups which are highly cohesive 
tend to work harder regardless of outside supervision. However, McKeachie 
(1963, pp. H33-U8) reports studies that suggest a cohesive group, al- 
though effective in maintaining group standards, may accept either low 
or high standards of productivity. McKeachie (p. 1135) states • • in 
creating 'groupy' classes an instructor may sometimes help his students 
develop strength to set low standards of achievement and maintain them 
against instructor pressures . . Grouping according to personality 

was determined by Hoffman (1959, PP* 27-32) to be unsuccessful in an 
experiment in group problem solvingo In a study using psychology classes 
Longstaff (1932, pp. 131-166} found no significant differences between 
classes homogeneously grouped according to intelligence quotient and 
heterogeneous classes. Basing his decision on four studies in which 
the special abilities of homogeneous groups were exploited, McKeachie 
(p. 11U3) writes . . it seems safe to conclude that homogeneous 
grouping by ability is profitable, if teaching makes use of the known 
characteristics of the groups.- This conclusion, however, is not appli- 
cable to the present study since the achievement of two entire classes 
will be compared and the success of the lecture-small group discussion 
technique will rest on the ability of all students to profit by small- 
group discussion of the same body of mathematical content. 

In summary, the survey of the literature related to this study 
indicates that mathematics courses for preservice elementary school 
teachers taught by a lecture or lecture- class discussion technique 
improve the students * computational ability, contribute to thei 
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understanding of the fundamental concepts of arithmetic, and generally 
enhance their attitude toward mathematics. The evidence supporting a 
conjecture that preservice elementary school teachers possess or 
develop as a result of a preservice mathematics course the ability to 
read mathematical material independently is not known. The studies 
along this line have involved groups of students with similar back- 
grounds in high school mathematics. No studies relating to the use of 
a small-group discussion instructional technique with classes of pre- 
service elementary school teachers were found. 

Studies dealing with small group study in general are not in 
agreement as to optimum group size. Thelen's {19k9y PP* 139-1U8) 
"principle of the least group size"— the group should be just large 
enough to include individuals with all the relevant skills for problem 
solution— seems to be most appropriate. Homogeneous grouping by ability 
appears to be favored; however, in the present study this was not 

feasible. 
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CHAPTER III 
DESIGN OF THE STUDY 

The purpose of this chapter is to provide a detailed outline of 
the design of the study, give a description of the actual classes involved 
in the study, and to summarize data relating to the mechanics of the two 
teaching procedures collected during the semester. 

Section one discusses the sample and general procedures and 
the next two sections describe the two teaching techniques employed. 

The fourth section contains a description of the instruments of measure- 
ment, while section five is devoted to the statistical procedures. 

The last three sections provide a description of the two 
classes involved in the study, data on the lecture-class discussion 
teaching technique and data on the lecture-small group discussion 
teaching method. 

The Sample and General Procedures '• 

The study involves two sections of Mathematics HE>, '’Concepts 
of Modem Elementary Mathematics, 11 at Wisconsin State University- 
Stevens Point during the second semester of the 1968-1969 academic 
year. Section one met at 10:U5 A.M. and section two at llsU5 A.M. 
each day of the week, except Tuesday. The class periods were £0 
minutes in length. 

Mathematics 113>, a four-credit course, is the only mathematics 
course required of prospective elementary teachers at this university. 
There is no prerequisite mathematics course and since it also satisfies 
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the university requirement in mathematic s, it is usually the only college- 
level mathematics course taken by elementary education majors at Wisconsin 
State University-Stevens Point. 

The same instructor taught both sections of the course. Since 
the notes from which the students studied had to be supplemented by 
lecture in several areas and because overall course achievement was 
based entirely on the students' success on examinations (prepared by 
the investigator) covering material discussed in class, it was felt 
that the achievement would be most accurately measured if the same 
instructor taught both classes. 

Because of conflicts with other required courses in the elemen- 
tary teacher curriculum and because the teacher variable was controlled, 
making two sections at the same hour impossible, random selection of 
students for the two sections was not possible. However, no student 
knew prior to the first day of class that he would be involved in a 
research study. Furthermore, the type of teaching technique used in 
either section was determined by a flip of a coin one day before 
classes convened. No student transfers from one section to the other 
section involved in the study were to be allowed except in cases of 
extreme hardship. There was one other section of the course taught 
by a different instructor in the afternoon and any students having to 
transfer would be requested to enroll in that section. There did not 
appear to be any factor other than class scheduling problems that 
influenced a choice of one section over another. 

During the first class meeting the teaching technique to be 
used, in each group, pretests required, posttest required, and the 




purpose of the study was explained to both groups. The students 
learned that the same examinations would be given to both sections and 
that the two sections would be graded together . Since the results of 
the pretests were used in the statistical analysis of overall course 
achievement, it was important that the students gave their best possible 
effort on each pretest. Thus, the classes were told that their letter 
grade for the course would be based solely on the number of points 
accumulated from three one-hour examinations and a two-hour final 
examination and that their pretest and posttest scores would in no way 
influence their letter grade. They were urged, however, in the interest 
of the experiment, to do their best on each pretest and each posttest. 

Only those students possessing A.C.T. scores were used in the 
statistical analysis since this variable was used as a covariate in 
the analysis of covariance. This information was not disclosed and 
data l- ©pt for all students. 

The bulletin Using A.C.T. on Your Campus (American College 
Testing Program, Inc., I96I4.— 65» PP* 6—7) describes the nature and pur- 
pose of the mathematics section as follows: 

"This test samples the student's ability to understand and 
use the principles and techniques of mathematics. In this sense, 
it is a test of the student' s ability to reason mathematically. 

Test items involve two kinds of problems! (a) quantitative 
problems based upon practical situations, and (b) problems 
presented in formal exercises in algebra, geometry, and 
advanced arithmetic." 

A mathematics major who was able to be present at every class 
meeting was employed as a student assistant. (His role within the 
classroom will be explained in the next two sections.) Outside of 
the classroom, he assisted in the scoring of objective examinations. 
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In the compilation of data, and in the key punching of computer cards. 



Course Content 

The mathematical content of the course was a proper subset 
of the CUFM recommendations for level I preparation. The students 
were issued Wren's Basic Mathematical Concepts as the text for the 
course (Wisconsin State University -Stevens Point is on a textbook 
rental system); however, with the exception of a short unit on geometry, 
it was used only as a reference text by the student. The material 
covered in the course was prepared by the instructor and was dittoed 
for distribution to the students prior to class lecture or discussion. 
The same notes were used by both sections involved in the study. 

The topics considered included a brief study of the logic of 
propositions, elementary properties of sets, ar. „ntuitive development 
of the number systems through the real numbers, numeration systems, 
elementary number theory, relations and functions, and an introduction 
to basic geometric concepts. Table 1 lists chapter titles and indica- 
tions of chapter content. 



Lecture-Class Discussion Ins tructional Technique 
— ' — ' ' ~ ' ’ ' ' i 

Of the possible 60 class periods of the semester, ten periods 
were used for pretests, posttests, and unit examinations. Each 50 
minute class period was split into four major categories; namely, 
review of the previous day's work, student questions on the previous 
day's work and homework assignments, lecture on new material, and 
class discussion of instructor-posed questions. The segments were not 
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TABLE 1 

OUTLINE OF COURSE CONTENT 





Chapter 


Content 


I 


Propositions; connectives, truth tables; 
tautologies; logical equivalence; propo— 
sitional forms; counterexamples . 


II 


Terminology of sets; operations; Venn 
Diagrams . 


III 


Whole numbers; addition, multiplication, 
and subtraction defined; properties of 
operations; algorithms, numeration 
systems* 


— 

IV 


Prime and composite whole numbers; Funda- 
mental Theorem of Arithmetic; divisibility 
theorems • 


V 


The integers; operations defined on the 
integers; properties of the operations. 


VI 


The rational numbers, operations defined 
on the rationals. 


VII 


The real numbers; decimals; characteri- 
zation of rationals as repeating decimals; 
denseness of rationals in reals* 


VIII 


Relations and functions; graphing 
relations and functions. 


Geometry 


Basic terminology, including point, line, 
plane, ray, half -line, half -plane, polygons, 
congruence of triangles, similarity of 
triangles. 
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necessarily disjoint in the sense that the lecture couldn't be 
interrupted by a short question from a student, for example; however, 
the sequencing of activities normally followed this pattern. The 
student assistant recorded the amount of time spent on each activity. 
During the first three weeks of the semester, the assistant was to 
keep detailed notes of the class activities and after class the 
instructor and assistant were to compare the notes with the time 
sheet to verify that the assistant had correctly distinguished 
between lecture activities and class discussion activities. When the 
instructor was satisfied that the distinctions were being made correctly, 
detailed notes were no longer kept. Table 2 lists the number of minutes 
that were allotted to each class activity. 



TABLE 2 



TIME EXPENDITURE IN LEGTURE-CLASS DISCUSSION GROUP 



1 

Activity 


Type of 
Activity 


Minutes 

Allotted 


Review of 

Previous 

Work 


Lecture 


5 


Student 

Questions 


Class 

Discussion 


10 


New 

Material 

Introduced 


Lecture 


10 


New 

Material 

Discussed 


Class 

Discussion 
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The review of the previous day's material was done entirely by 
the instructor. The key theorems and generalizations were reviewed 
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and new examples given. At the beginning of a new chapter, an over- 
view of the chapter was given in place of the review of previously 
covered material. Five minutes were to be allotted to this review or 
overview 

Ten minutes of each period was allotted to student questions 
on previous work and on homework problems. Student questions were re- 
directed to another student or were solved through instructor-led 
class discussion. Any questions remaining at or near the end of the 
allotted time were reassigned with hints toward a solution. No home- 
work problem was ever solved entirely by the instructor. An effprt was 
made to solicit responses from all students. During ten class periods 
randomly selected from the last Hi weeks of the course, the student 
assistant was to record the names of students responding to questions 
and indicate -whether the response was voluntary or was requested by 
the instructor. 

The new material for the day was introduced by the instructor. 
The students were not encouraged to participate actively, although brief 
questions were usually answered immediately. The students were told 
that they would have ample opportunity to ask questions during the next 
time segment. The major portion of the time was spent explaining and 
illustrating definitions and in stating, proving, and illustrating 
certain theorems. The deductive nature of mathematics was stressed 
almost exclusively; however, on occasions the material was developed 
via an inductive approach* 

The activities in the last time segment varied according to the 
material; however, in all cases the students were actively involved. 
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Student questions about the new material was discussed first. If the 
question was clear to most students, a volunteer was asked to respond. 

If there were no volunteers, the instructor would rephrase the question 
and, if necessary, give a hint toward an answer. 

After all student questions about the new material had been 
answered, the remaining time was spent solving problems related to the 
lecture, giving reasons for steps in the proofs of additional theorems, 
or applying the theorems to specific problems. 

Lecture-Small Group Discussion Teaching Technique 

This class met in an economics statistics laboratory equipped 

/ 

with long rectangular tables rather than conventional seating. This 
arrangement made small group study very convenient. 

The class periods were split into three time segments. The 
first ten minutes was an instructor-dominated lecture period, the next 
30 minutes was devoted to work by students in small discussion groups, 
and the last ten minutes was an instructor-led class discussion period. 
The time schedule was to be closely followed, with only a two-minute 
deviation allowed in either direction. 

The activities of the initial time segment included a brief 
review of the previous day's work and an introduction to the to^ie for 
the day. Emphasis was placed solely on tying together the ideas covered 
in the previous day's work rather than on explanations of specific con- 
cepts or problems related to the concepts. 

The introduction to the day's material included an explanation 
of new symbolism, proofs of theorems not in the notes, and if time 
remained, an explanation of the more difficult definitions. 

O 
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The students were randomly assigned to groups of three or four 
students each week. On the first day of the semester each student was 
assigned a positive integer and the discussion groups were determined 

by rando m l y selecting numbered uniform discs. 

The group as^.gnments were made on a weekly basis, alternating 
between groups of three and groups of four from week to week. Since 
the number of students was not a multiple of three and four, one group 
worked with one or two fewer students than all other groups. The weekly 
group assignments were made to minimize the effect of a particularly 
dominant student on two or three other students of the class. It can be 
argued that changing group composition so frequently tends to decrease 
group productivity, but since the development of individual skills was 
of prime consideration here, no attempt was made to seek the best 
possible group structure in terms of group productivity. 

A group leader was determined by alphabetical and reverse 
alphabetical order for each class period of the week. The responsxbxlxtxes 
of the group leader as outlined by the instructor included a charge to 
(1) keep the discussion moving, that is, if a problem was too dxffxcult, 
move to the next, (2) be sure that all group members participated in the 
discussion, and (3) be relatively certain that all members understood a 

concept before moving on to the next. 

On alternating weeks with group size four, each day the indivxdual 

groups were randomly paired within the group. The individual pairs of 
students worked on the exercises but were encouraged to communicate 
frequently with the other two students of their group. The group leader 
was instructed to see that both pairs were progressing at similar rates. 

At the end of the ninth week the students were asked their preference 

43 



31 



of group size and composition and the results of the poll dictate^ which 
type of group composition was to be used for the remainder of the semes- 
ter. 

At the beginning of the second time segment the students were 
told about how much material they ought to complete and the group leader 
was reminded of his responsibility to see that the work progressed 
toward that goal. If a group completed the desired work before the 
end of the time period, they were encouraged to review topics from 
previous material rather than proceed beyond the given assignment. 

While the groups were working on the assigned material, the 
instructor and his assistant moved from group to group observing the 
progress, listening to the discussion, and providing assistance when 
requested. Prior to each class meeting the instructor and his assistant 
reviewed the topic for the day and agreed on the type of assistance 
allowed on each problem or question. The assistance given adhered 
closely to the following format. The initial request for assistance was 
answered by a request to have the students state exactly, and in their 
own words, what the problem was asking. If they were unable to do this, 
the problem was explained to them and the group was left to try to work 
through their difficulty. If the group still could not reach agreement 
on a solution, a second request for assistance could be made. The 
instructor or assistant listened to any arguments proposed and if a 
correct solution or solutions had been given, he would state which 
one(s) they were and then left the group. If no correct solution had 
been presented, the group was urged to go onto another part of the 
assignment. At no time was the instructor or his assistant permitted 
to work on or to solve a problem for a group. 

ERIC 
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The final time segment of ten minutes was spent in discussion 
of the solved exercises and unsolved problems or the students were 
asked to submit one written solution per group to one or two exercises 
of the day. The latter was done about once every two weeks. In either 
case the students remained seated with their respective groups. 

If exercises were to be discussed, each group was asked to 
indicate which problem, if any, presented the greatest difficulty. The 
instructor then selected those problems to be discussed as time permitted 
The problems were resolved by (1) requesting an individual to give a 
solution verbally or at the board, (2) requesting a specific group to 
give their collective solution, or (3) the entire class, led by the 
instructor would discuss a solution. If no group or individual was 
able to solve the problem it was carried over to the next period along 
with broad hints for solution. If the problem remained unsolved after 
the second day, the instructor outlined a solution. 

The problems submitted in writing during the last ten minute 
period were read by the instructor, marked satisfactory or incorrect, 
and returned at the beginning of the next class period. During the; 
last ten minutes of that period, the instructor presented the best 
x^ritten solution along with co; ients explaining why he felt the solution 
was a particularly good one. No records were kept of the students in- 
volved in the written solution, however, the students were not aware 
of this. 




Data and Measuring Devices 

During the first week of classes, the California Mathematics 
Test (Form W), 1957 edition, devisdd by Ernest W. Tiegs and Willis W. 
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Clark, the Cooperative Mathematics Test (Algebra II, Form A), 1963 edition 
published by Educational Testing Service, and an attitude “-ward mathema- 
tics scale written by Aiken and Dreger (19ol, pp. 19-2U) was administered. 
During the last week of classes Form X of the Californ ia Mathematics 
Test ' and the same attitude test was given. Also during the last week 
an instructor-prepared questionnaire designed to solicit student opinions 
on the mechanics of the course was given to the students. In addition, 
three unit-examinations and a final examination covering the entire 
semester's work were used to measure the students’ overall course 
achievement. 

The C alifornia Mathematics Test consists of two main parts, 
namely, the "Mathematics Reasoning Test" and the "Mathematics Fundamentals 
Test." Sections on meanings; symbols, rules and equations; and word 
problems constitute the reasoning test and the fundamentals test is 
separated into one section each on the four arithmetic operations. Each 
subsection of the examination is timed with a total of 31- minutes given 
to the "Mathematics Reasoning Test" and Ul minutes allowed for the 
"Mathematics Fundamentals Test." A maximum score of 60 can be achieved 
on the reasoning tests and a score of 80 is possible on the fundamentals 

portion. 

The Manual of the California Mathematics Test (1961, p. 6) 
states that the twenty questions in the "meanings" section of the 
reasoning portion of the test "... are designed to measure the extent 
to which the student understands the meanings of numbers, money, percent, 
etc., and whether he has adequate concepts of fractions, decimals, 
exponents, roots, and abstract numbers." The "symbols, rules, and 
equations" section is designed to ”, . • reveal the extent of the 



student. 1 s comprehension of* symbols, rules, and formulas, as well as 
general mathematical terminology." The "problems" section includes 
word problems dealing with square and cubic measure, ratio and per- 
centage, and budgeting. 

Regarding the "Fundamentals Test," the Manual of the California 
Mathematics Test (p. 6) claims that "The test items . . . reveal 
whether or not the student has sufficient mastery of the fundamental 
processes to use them with proficiency." The "Fundamentals Test" was 
used to measure the computational skills of the students before and 
after taking the course. 

The maximum score on the reasoning portion of the California 
Mathematics Test is 60 and on tie fundamentals portion the highest 
possi' score is 80. The Manual (p. 8) lists the reliability coeffi- 
cient of the "Mathematics Reasoning Test" as .89 and of the "Mathe- 
matics Fundamentals Test" as where both were computed using Kuder- 

Richardson formula 21. 

The Cooperative Mathematics Test on algebra consists of U0 mul- 
tiple choice questions covering topics such as radicals, exponents, 
linear equations, systems of linear equations, logarithms, complex 
numbers, and linear inequalities. This test was included because 
Northey (1967) suggests that overall course achievement in a mathe- 
matics course for preservice elementary teachers may be directly 
related to the students' knowledge of algebraic concepts. 

The mathematics attitude scale consists of twenty statements, each 
describing an attitude toward mathematics. The students are asked to indicate 
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whether they strongly disagree, disagree, are undecided, agree, or 
strongly agree with each statement. The responses are weighted either 
one to five or five to one, depending on the statement, and so the 
lowest possible score is 20 and the highest possible score is 100. 

A low score indicates a negative attitude toward mathematics and a 
hxgh score indicates a positive attitude toward mathematics. A copy 
of the Aiken and Dreger attitude scale is given in Appendix Eo 

Each of the three instructor-prepared tests was composed, of 
two parts. Part I tested the students' understanding of concepts dis- 
cussed in class and part II attempted to measure their ability to read 
and understand the definition of an unfamiliar mathematical concept, 
along with several examples, and then to work several exercises directly 
related to this definition. If an exercise in part II of an examination 
contained a , symbol or term from previously discussed material that could 
have been forgotten by the student, the symbol or term was explained or 
defined within the exercise. Part II of unit- test one considered a 
definition of subtraction of whole numbers in terms of set-difference 
(the concept was also discussed in class but about two weeks after the 
examination), while part 'll of test two treated the concept of an 
equivalence relation, and part II of test three contained the defini- 
tion of two binary operations on the cross-product of two sets. 

Part I of unit test one covered Chapters I and II, and the first one 
third of Chapter III. The first part of test two contained topics from 
the remainder of Chapter III and all of Chapter IV. Topics from Chap- 
ter V and VI were examined in the last unit test. Each unit test counted 
100 points, with 86, 88, and 86 points for the three course content 
parts of the three examinations. Appendix G contains copies of the 
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three unit-tests and the final examination. 

Like the three unit-tests, the final examination also contained 

two separate parts. The first part consisted of twenty-five multiple 
choice questions covering topics from the entire course. The second 
part of the final examination contained three exercises, each one 
similar in format to the independent reading parts of the three unxt- 
tests. The reliability of the final examination was computed using the 

Kuder— Richardson formula 20 and was found to be .36* 

On the last regular class day of the semester, a questionnaire 
was given relating to the mechanics of the course (length of examinations, 
homework assignments, relationship of homework to examinations, etc.), 
amount of time spent in study outside of the class period, and a con- 
jecture by each student about his change in attitude towards mathematics 
since the beginning of the course. Before the questionnaires were dis- 
tributed, the students were urged to consider each question carefully 
and to answer each question as accurately and honestly as possible. 

They were told that anonymity would be obtained by having them place 
their completed questionnaires in a large envelope to be passed ab u 
the room. Appendix F contains the questionnaire and the percentage of 
students from each group responding to each alternative within a given 

question • 

Statistical Procedures 

To compare pre-test and post-test, performance within groups on 
the California Mathematics Test and the attitude scale, the differe .ee 
between. test scores was computed for each individual and a t-test 
applied. There was no reason to believe that the population sampled 
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was normal nor that the population variances were equal. However, 
regarding the first assumption. Hays (1963, p. 322) states that 
this assumption (normality) may be violated with impunity provided 
that sample size is not extremely small.- Regarding the homogeniety of 
variance. Hays goes on to say . . for samples of equal size relatively 
big differences in the population variances seem to have relatively 
small consequence for the conclusions derived from a t-test.- 

The t value obtained will be computed by the usual formula, 

t = dVn , where 
5 d 



d ■|l d i 

i=l 



n 3X1(1 s d 



( n jr d| - cfA ) 2 / n(n - 1 >> 



n 

z 

i=l 

with d ± = posttest score minus pretest score for individual i. 

It was clear from the data gathered that individual differences 
on the initial measures existed thus to control these initial differences 
an analysis- of -covariance technique was used to test for a difference 

of means of the various criterion measures. 

The analyst s-of -covariance technique used compares the means of 
two samples using one or two associated independent variables (covariates) 
alysis of covariance uses linear regression to predict criterion means 
based on the initial measures selected as covaraates. 

Letting 1 represent the criterion measure and X the covariate, 
the analysis is of the total sum of squares of the residuals, Y - Y x , 
where Y x - Y + b T (x - X), with Y and X representing the sample means 
and b T the slope of the regression line of the total sample. In the 
case of two covariates, say X an , the residval- become Y« - Y - Y xa , 
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where Y xz = ? + b xT (X - X) + b zT (Z - Z), with b xT and b zT representing 
the regression coefficients b^.^. and b yz . x for the entire group. 

Whenever the rejection region is M two— tailed, '* the F— ratio for 
the lower cr5 tical value will be found by the relationship 

'<»-> ‘ 

where m and n represent the degrees of freedom (Hays, 1963, p. 3 5>0). 

The reader will recall that for a two-tailed test and a fixed significance 
level,**, the tables for F must be entered at °</2. 

The computational formulas and. tests of hypothesis used are 

those of Walker and Lev (1953* PP- 387-U22). 

To insure that the covariates chosen were those that correlated 
highly with the criterion measure and also exhibited reasonable differ- 
ences, correlation coefficients between initial measures and criterion 
measures were computed. The correlation between initial measure and 
criterion measure had to exceed 0.3 before consideration of the initial 
measure as a covariaie in the analysis of the means of the different 
criterion measures* 

In addition to a comparison of the two groups in to to on the 
various criterion measures, the upper one-half ability levels and lower 
one-half ability levels of each group as determined by the individual 
A.C.T. mathematics percentile scores were compared. 

Description of the Population Sample 

There were 27 students enrolled in the 10 : US A.M. section and 
23 students in the 11*1*5 A..M. class. The earlier section was taught by 
the lecture-class discussion technique and the lecture-small group dis- 
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cussion instructional technique was used in the 11: L3 A.M. section. 
There were no student withdrawals nor transfers in or out of either 
section after the beginning of the semester. 

Twenty students in each group had available A.C.T. scores and 
were the only ones involved in the statistical analysis. Appendix 
contains data gathered on the students not involved in the study. 

Table 3 provides a summary of the class composition. Since 
most elementally education majors spend one full semester off-campus 
while student teaching. Mathematics 113 is usually taken during their 
junior year. This is evidenced by the ratio of about three to one in 
favor of juniors over seniors in the total sample involved in the 
statistical analysis. 



TABLE 3 

CLASS COMPOSITION BY YEAR IN SCHOOL 



Variable 


LCD 


LSGD 


Total 


Number in Class 


27 


23 


30 




' Number of Juniors 


16 


19 


33 




Number of Seniors 


11 


h 


13 




Number of Juniors in 
Statistical Analysis 


1U 


16 


30 




Number of Seniors in 
Statistical Analysis 


6 


u 


10 




Total Number in 
Statistical Analysis 


20 


20 


l UO 





The mathematical preparation of the subjects ranged from one 
year of high school mathematics to four years of high school mathematics 
in both sections. One student in the LCD group had had two semesters of 
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college mathematics in addition to four years of secondary school mathe- 
matics. Two other students in the LCD group had had one semester of 
college mathematics in addition to three years of high school mathematics. 
Three students in the LSGD group had taken a one-semester college mathe- 
matics course plus three years of secondary school mathematics. The mean 
number of years of secondary school mathematics wss 2.5 j-or both groups. 
Inasmuch as secondary school mathematics courses vary rather widely 
in scope, depth, and general quality, no attempt was made to further 
categorize the high school units in mathematics. 

The A.G.T percentile scores in mathematics ranged from 1 to 
99 in the LCD group and from 14 to 8l in the LSGD section, with means of 
50.95 and 51.95, respectively. The sum of the five A.C.T. percentile 
scores obtained— English, mathematics, science, natural science, and 
general— ranged from 40 to U66 in the LC. -section and from 36 to 419 in 
the LSGD class. Mean totals in the LCD and LSGD groups were 257.10 aid 
277*90, with standard deviations of 116*43 and 102.24, respectively. 

Group data is summarized in Table 4 and individual student scores are 
given in Table 5. Appendix B contains individual student percentile 
on the English, science, natural science, and general portions of the 
A.C.T. examinations. 

Students numbered 1, 2, 5, 7, 9, 10, 12, 14, T5, and 19 comprise 
the upper one-half ability level of the LCD section and students numbered 
1, 4, 6, 8, 12, 14, 15, 16, 18, and 19 make up the upper one-half ability 
level of the LSGD group. The ranges of the upper and lower one-half A.C.T 
mathematics percentile of the LCD section are 56 to 99 and 1 to 47, respec 
tively. The corresponding ranges in the LSGD group are 61 to 81 and 14 
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to U6. Mean percentiles for the two halves are 73.1 and 28.8 in the 
LCD group and 72.5 and 31.0 ir 1 the LSGD class. 



TABLE U 



years HIGH SCHOOL MATHEMATICS, A.G.T. MATHEMATICS 
PERCENTILES, AND A.C.T. TOTAL SCORES BY CLASSES 



Variable 


LCD Group 


-'1 

LSGD Group j 


Years High School Mathematics 


Mean * 2 .50 
*S.D.“ .827 


Mean = 2.50 I 

S.D. - .827 


* 

[ Range of Years High School 
Mathematics 


1 to U 


1 to U 


A.C.T. Mathematics Percentile 


Mean = 50.95 
S.D. =* 27.81 


Mean = 51.75 
S.D. ~ 23.37 


A.C.T. Total 


Mean = 257.10 
S.D. « 116. U3 


Mean ® 277.90 i 
S.D. * 102. 2 L j 



#S.D. represents standard deviation. 



Data on the Lecture-Class Discussion Instructional Technique _ 

It will be recalled that the first five mi : M,>s of *. ich non- 
testing class period was allotted to review of previous work or an over- 
view of new material. The average number of minutes actually spent in 

this activity was U.2 minutes per period. 

Student questions on previous work or on homework problems 
were considered in the next ten minute period. The absolute difference 
between time allotted and actual time spent exceeded two minutes on eigh- 
occasions and exceeded five minutes twice during the semester. An avera 
of 11.1 minutes per period was actually spent on student questions. 

An average of 9.5 minutes per period was actually spent on the 
instructor-dominated lecture. Ten minutes had been allotted to this 
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TABLE 5 

YEARS HIGH SCHOOL MATHEMATICS, A.C.T. MATHEMATICS 
P EEC® TILES, AND A.C.T. TOTAL SCORES BY STUDENT 



LCD GROUP 1 


LSGD GROUP 




Student 1 
Number 


Prs. H.S. 
Math 


" ‘ “ 5 

A.C.T. Math J 
Percer "ile r 


LC.T. j; 
Potai ] 


Student 

dumber 


Its. H.S. 
Math 


A.C.T. Math i 
Percentile r 


l.C.T. 

Petal 


i 


3 


56 


331 


i 


3 


77 


396 


2 


3 


56 


223 


2 


2 


UO 


253 


3 


1 


2h 


192 


3 


2 


U 6 


267 


a 


2 


U7 


271 


U 


2 


77 


323 


3 


U 


85 


229 


5 


3 


U 6 


281 


6 


2 


3U 


220 


6 


3 


61 


36U 


7 


u 


99 


U65 


7 


3 


28 


190 


8 


2 


1 U 


206 


8 


3 


61 


305 


9 


2 


5f 


201 


o 


1 


22 


177 


10 


2 


j 56 


1U5 


10 


2 


Uo 


382 


11 


2 


H 6 


275 

j 


11 


2 


22 


202 


12 


3 


88 


U 66 


12 


3 


81 


U19 


13 


2 


UO 


297 


13 


1 


18 


88 


lit 


2 


72 


359 


IU 


3 


66 


358 


15 


U 


91 


U23 


15 


3 


72 


286 


16 


2 


U 6 


205 


16 


3 


77 


337 


17 


2 


22 


UO 


17 


3 


3U 


223 


18 


2 


1 


67 


18 


U 


72 


28 $ 


19 


3 


72 


3U5 


19 


3 


81 


386 


20 


L' 


1 U 


182 


1” 


1 


1 U 


LC 



ERIC 



U3 



activity. Twice during the semester the lecture consumed more than 
12 minutes and on three occasions less than eight minutes were used. 

The last time segment, scheduled for 25 minutes, devoted to 
clas3 discussion of the new materials took an average of 25.2 minutes 
per period. The actual time used fell within two minutes of ttie allotted 
time in all but eight class periods. Table 6 summarizes the time allot- 
ments and expenditures. 



TABLE 6 

TIME EXPENDITURE OF GLASS PERIODS IN 
LECTURE-CLASS DISCUSSION SECTION 



Activity 


Minutes 

Allotted 


Mean 

Spent 


Frequency 
of *d > 2 


Frequency 
of *d> 5 


Review of ’Previous 
Work 


5 


h.2 


3 


° 1 


Student Questions 


10 


11.1 


8 


2 


New Material 
Introduced 


10 


9.5 


5 


0 


New Material 
Discussed 


25 


25.2 


6 


2 



= Absolute difference between time allotted and time 
spent per period. 



Student responses to questions by other students or the instructor 
were answered by volunteers Q6>»6>% of the time. An effort was made to 
solicit responses from all students, however the attempt was generally 
not successful. The ten students responding most frequently, responded 
to approximately three-fifths of all questions asked, while the next 
ten most frequent responders, responded 31*1^ of the time. 
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Data on the Lecture-Small Group Discussion Teaching Techniqu e 

The time allotments for the three distinct activity segments— 
a ten minute instructor-dominated review of previous work and introduction 
of new material session, a thirty minute small-group discussion period, 
and a ten minute instructor-led class discussion segment— were kept 
within the allowed two-minute deviation on all but six occasions. In 
each of these six exceptions, the last ten-minute period was deleted 
and given to additional small-group discussion. 

The review of previous material took an average of 2.6 minutes, 
with a range of from one to five minutes. The introduction of new 
material consumed an average of 6.3 minutes, with five minutes the 
least amount of time given and eight minutes the greatest amount of 
time devoted to this activity. The ten minute time allotment for the 
initial time segment was exceeded only twice during the semester, how- 
ever, the deviation was within the two minute time limit both times. 

Data was kept on the number of times assistance was requested 
of the instructor or his assistant during each class period. Table ? 
lists the average frequency of requests for assistance per session by 
all groups. The figures include first and second requests by the same 
group. It will be noted that since there were either six or eight 
groups per day, the average number of requests per group per day was 
about one. The number of requests for assistance was much lower than 

' i 

anticipated, in fact, with few exceptions one person could have handled 
all reque^ j without causing a great deal of delay to any one group. An 
accurate count of the number of first requests and the number of second 
requests was not kept. However, both the instructor and his assistant 
feel that the ratio was naar two first requests to each second request. 
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TABLE 7 

mean frequency of requests for assistance per 

CLASS PERIOD FOR THE LSGD SECTION 



Chapter 


Mean 


Minimum J 


Maximum 


I 


6.1 


1 


9 


11 


5.3 


1 


7 


III 


6.7 


0 


12 


IV 


3.2 


0 


5 


V 


U.o 


0 


7 


VI 


U.3 


0 


8 


VII 


U.6 


1 


7 


VIII 


6.1 


1 


10 


Geometry 


5.0 


2 


8 



The poll taken at the end of the ninth week regarding pre- 
ferred group size, revealed that ten students favored a group size of 
three, one student favored a group size of four without pairing within 
the group, and twelve indicated a preference for a group size of four 
with pairing within the group. Therefore, for the remainder of the 
semester, all groups of size four were paired within the group. 









CHAPTER IV 



ANALYSIS OF DATA 



An analysis o f the data collected within groups, between groups, 
within ability levels, and between ability levels of the two groups is 
given in this chapter. A t-test is used to analyte pretest and posttest 
scores on the reasoning test, fundamentals test, and the attitude scale 
within groups and the results are reported in section one of this 
chapter. The second section deals with the selection of the covariates 
and the third section of the chapter contains an analysis between the 
two groups on the final examination, independent reading examinations, 
and overall course achievement using an analysis of covariance technique 
The chapter concludes with an analysis of the questionnaire on the 
mechanics and general opinions about the course which was given on the 



last regular class day of the semester. 



QrouES comparison of California Reaso ni ng, California Fundament als, 

and Attitude Scale Pretest and Po sttest Scores 

Form W of the Calif omia Mathemati cs Test was given during the 
first week of classes and Form X was given during the last week of 
classes. Mean pretest scores for the LCD group were bh. 70 and 67.15 
and mean posttest scores were U8.5S and 70.20 on the reasoning and 
fundamentals sections, respectively. The high and low scores differed 
by 22 points on: the reasoning pretest and by 13 points^ on the posttest. 

A smaller decrease in- range for the WO group appeared on the fundamentals 







U7 



portion of the examination . Scores on the pretest spanned 32 poxnts 

and spanned 28 points on the posttest. 

The results were quite similar in the LSGD class. Mean test 
scores on the reasoning section increased from U5.50 on the pretest to 
U9.20 on the posttest. The range of scores spanned 32 points on the pre- 
test and 28 on the posttest. The fundamentals pretest average score was 
63.U5, while the posttest mean was 70.83. The range of scores dropped 
from a difference of 32 points on the pretest to a difference of 22 . 

points on the posttest* 

A_s shown in Table 8, the standard deviation decreased from 
pretest to posttest on each test in both classes. The largest decrease 
occurred in the LSGD group on the fundamentals test. Individual test- 
scores and the difference between pretest and posttest score for all 
students involved in the statistical analysis on each portion of the test 
are listed in Tables 9 and 10 and Appendix C lists the scores of the 



TABLE 8 



MEAN, 



STANDARD DEVIATION, AND RANGE OF SCORES ON 
CALIFORNIA MATHEMATICS TEST BY CLASSES 



Test 


LCD Group 


LSGD Group 


Mean 


S.D. 


Range 


Mean 


S.D. 


Range 


Reasoning Pretest 


Uh.70 


5.89 


33-55 


H5.50 


8.52 


28-60 


1 

Reasoning Posttest 


U8.35 


a. 93 


U3-56 


U9.20 


6.73 


U5-79 


Fundamentals Pretest- 


67.15 


8.26 


U7-79 


65. U5 

• 

j 


10.03 


30-58 


Fundamentals Posttest 


1 70.20 


7.28 


50-78 


1 70.85 


6.U2 


57-79 



remaining students in the two classes. It jiU be observed that eleven 
students in the LCD group increased their reasoning score at least five 
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TABLE 9 

CALIFORNIA MATHEMATICS TEST SCORES BY STUDENT 




TABLE 10 
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CALIFORNIA MATHEMATICS TEST SCORES BY STUDENT 



ISGD Group 



I Student 
| Number 


■^Reasoning 

Pretest 


Reasoning 

Posttest 


Diff erence 
Posttest Minus 
Pretest 


*-«Fund. I 
Pre- 1 
Test 


Fund. 
Post- I 
Test 


Difference 
’osttest Minus 
Pretest 


I 


55 


55 


0 


75 


75 


0 


2 


31 


U3 


+8 


59 


68 


+9 


3 


3h 


39 




53 


57 


+u 


h 


52 


58 


+6 


67 


7U 


+7 


5 


U7 


■ 5h 


+7 


73 


77 


+U 


6 


U3 


./• U8 


+ 5 


63 


65 


+2 


7 


50 


- U9 


-l 


60 


70 


+10 


8 


39 


U6 


*7 


U9 


70 


+21 


9 


39 


U9 


+10 


66 


67 


+1 


I l 

10 


1 

5o 


U8 


-2 


70 


75 


+5 


11 


UU 


U6 




67 


66 


-1 


12 


50 


53 




70 


76 


+6 


13 


28 


30 


- 


U5 


66 


+21 


lU 


56 


56 


3 


79 


79 


0 


15 


53 




-1 


75 


75 


0 


16 


50 . 


5U 


+U ■ 


77 


76 . 


-1 


17 


U6 


U8 


' + 2 . 


60 


62 


+2 


18 


5U 


56 


+2 


72 


79 


+ 7 


19 


5H 


57 


+3 


77 


79 


+2 


1' 20 


35 ' ' 


U3 


+8 


52\ 


61 


+9 



* Highest . possible score is 60 . 




Highest possible score is 80. 
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points and three of them increased their snore from pretest to posttest by 
more than ten points. In the LSGD class, eight students scored at least 
five points higher on the second reasoning test and two of these exceeded 
a ten point difference. On the fundamentals test, six students in the 
LG d class improved their score by at least five points and two of these 
increased their score by ten or more points. In the LSGD section, ten 
students scored at least five points higher from pretest to posttest 



and three of the ten achieved a score at least ten points better. rwo 
students in the LCD section scored at least five points lower on the 

second reasoning test than on the fir^t. 

Table 11 lists the student scores for both groups on the attitude 
scale and gives the difference in score between pretest and posttest. 

The range of scores for the LCD group was 30 to 83 on the pretest and 
UO to 83 on the posttest. The mean score from pretest to posttest in- 
creased from 6U.70 to 68.73. Two students scored at least eleven points 
lower on the posttest than on the pretest and four students increased 
their score by at least eleven points from first to last administration 

of the scale* 

Scores in the LSGD group ranged from 3U to $>L on the pretest 
and from U7 to 87 on the posttest. The mean score increased less than 
one point from initial to final measurement. The posttest score was 
eleven or more points lower than the pretest in three cases and three 
students increased their score by at least eleven points from the first 
week to the last week of the course. Table 12 gives a summary of the 
frequencies of differences in score from pretest to posttest as well 
as tlie mean and the standard deviation of each test f or each group. 
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TABLE 11 
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ATTITUDE-TOW ARD-MATH.EMATIGS SCORE BY STUDHNT 




TABLE 12 



SUMMARY OF ATTITUDE-TOWARD-M ATHEMATI GS 
SCORES FOR BOTH GROUPS 



Statistic 


LCD Section 


LSGD Section 


Pretest Mean 


6U.70 


68.80 


Pretest S*.D* 


16.912 


1U.333 


Posttest Mean 


68.73 


69.23 


Posttest S,D. 


13.322 


10.9U1 


Difference 

Interval 


Humber of Students Scoring 
Within the Interval 


*D < -10 


2 


| 5 


-10< D< -5 


2 


2 


-5 < D < 5 


3 


6 


5 < D £ 10 


*7 

f 


6 


10< D 


U 


3 



■jfD “ Posttest score minus pretest score 



An examination of the pretest and posttest scores reveals that 
both groups improved their mean scores from initial to final measure- 
ment on all three variables. A t-test for difference of mean scores 
between pretest and posttest scores on the "California Reasoning, 
"California Fundamentals," and the attitude scale was made for each 
group. As shown in Table 13, the difference between pretest mean and 
posttest mean is significant at the .Of, level of confidence for the 
LCD section on the reasoning test and for the 1SGD section on the funda- 
mentals test. All other differences fail to be significant at the .00 
level of confidence; however, at the ,10 confidence level, the difference 
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TABLE 13 

PRETEST-POSTTEST COMPARISON OF REASONING, FUNDAMENTAL, 
AND ATTITUDES WITHIN GROUPS 



Variable 


*t I 

LCD Section 


*t 

LSGD Section 


Pre-Reasoning/ 

Post-Reasoning 


2.216 


1.508 


Pre-Fundamentals/ 

Post-Fundamentals 


1.262 


2.013 


Pre-Attitude/ 

Post-Attitude 


j .828 


.111 



# degree of freedom — 18 

t #90 - 1.328; t. 95 - 1.729; - 2.093 



TABLE lit 



MEAN AND STANDARD DEVIATION OF SCORES ON REASONING, 
FUNDAMENTALS, AND ATTITUDE FOR UPPER ONE-HALF 
ABILITY LEVEL OF EACH GROUP 





LCD 


Group 


LSGD . Group 


Measure 


Mean 


Standard 

Deviation 


Mean 


Standard 

Deviation 


Reasoning Pretest 


k6.80 


7.301 


50.60 


5.501 


Reasoning Posttest 


51.10 


5.858 


53.50 


3.89k 


Fundamentals Pretest 


70.80 


7.71k 


70. ko 


9.009 


Fundamentals Posttest 


7U.90 


k.095 


7k. 80 


k.kl7 


Pre-Attitude Scale 


68.80 


l6.8kk 


75.70 


10.698 


Post-Attitude Scale 


73.20 


13.887 


77.90 


k.8kl 
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between the mean scores for the LSGD section cn the reasoning test is 
significant. 

As indicated in Chapter HI, students numbered 1, U, 6, &, 12, 

1U, 15, 16, 18, and 19 make up the upper one-half ability level of uhe 
LSGD group and students numbered 1, 2, 5, 7, 9, 10, 12, Hi, 15, 311 ^ 19 
comprise the upper one-half ability level of the LCD section. Tables XU 
and 15 provide a list of the mean score and the standard deviation of 
the scores for the upper and lower one-half ability levels, respectively 

of- each group. 

The mean score for the two upper one-half ability levels in- 
creased from pretest to posttest in each case, while the standard 
deviation decreased in every instance. Inasmuch as the mean scores do 
not differ significantly at the .05 level of confidence (Table 15) from 
pretest to posttest, it can be guessed that the scores of the posttest 
are relatively less dispersed about the mean than the scores of the 
pretest. Computation of the ratio s/x in each case, where s is the 
standard deviation and 3? is the sample mean, substantiates this claim. 

TABLE 15 

PRETEST-POSTTEST COMPARISON OF REASONING, 

FUNDAMENTAL, AND ATTITUDE MEAN SCORES 
FOR UPPER ONE-HALF ABILITY LEVEL 



Measure 


LGD Group 
*t 


ISGD Group 
*t 


Reasoning 


1.U53 


1.361 


Fundamentals 


^ /. V 1.U85 


1.387 


Attitude 


.637 


.592 



•* degrees of freedom ■ 9 

t .90 “ 1-383} t o9 5 “ 1.833} ^975 = 2.262 



- 5 ? 

The mean and standard deviation of each pretest and each posttest 
for the lower one-half ability levels are given in Table 16. The mean 
score increased from pretest to posttest in every case except for the 
attitude scale in the LSGL group. The mean score for the pre-attitude 
scale was 6l„90 and the post-attitude mean score was 60 . 60 . This de- 
crease in mean score is due largely to student number 20 , whose attitude 
score dropped 31 points— from 89 to 58. As in the upper one-half ability 
groups, computation of the ratio s/5C indicates that the relative disper- 
sion about the mean decreased in every case, however, the decrease was 
very slight in the LCD group on the fundamentals test. 

TABLE 16 



MEAN AND STANDARD DEVIATION OF SCORES ON REASONING, 
FUNDAMENTALS, AND ATTITUDE FOR LOWER ONE-HALF 
ABILITY LEVEL OF EACH GROUP 



1 

r \ ; ■ 


LCD G roup 


ISGD Group 


Measure 


Mean 


Standard 

Deviation 


• Mean 


Standard 

Deviation 


Reasoning Pretest 


L2.60 


3 . 20 U 


Hrf-lvO.Uo . 


8.072 


Reasoning Posttest 


U6.00 


■: 2.309 ; { 


;;;■ UU.90 


6.67U 


F undam eh :fc als Pr e t e s t 


lM-62'i5o' 


7.U12';: • 


60.50 


8.759 


Fundamentals Posttest 


65.70 


7wU2U 


66,90 


6.118 


j Pre-Attitude Scale 


60.60 


I 6 . 8 H 4 . 


61.90 


1U.609 


1 Post-Attitude Scale 


6U.30 


^ / 13.013 : 


60.60 


8.733 



The results of a t-test performed on the difference between 
the pretest and posttest mean scores show the differences to be signifi 
cant at the .05 level of confidence in the I£D lower one-half ability 
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level on the reasoning test and in the lower-one half ability level of 
the L5GD group on the fundamentals portion of the California Mathe- 
matics Test . Table 17 lists the values of t computed. 

TABLE 17 

PRETEST-POSTTEST COMPARISON OF REASONING, FUNDAMENTALS 
AND ATTITUDE MEAN SCORES FOR THE LOWER 
ONE-HALF ABILITY L37EL OF BOTH GROUPS 



Measure 


LCD Group 
*t 


LSGD Group 
*t 


Reasoning 


2.722 


1.359 


Fundamentals 


.663 


1.89U 


Attitude 


.550 


-.2U2 



* degrees of freedom - 9 

t #90 - 1.383; t #9 £ - 1.833; t #??5 = 2.262 



Summary of Unit Tests and Final Examination Scores 

Table 18 lists the mean score and the standard deviation of scores 
of both p- r ~-' the remaining five criterion measures; namely, "final 

examii -p. "final examination-part II," "final examination- 

total, " "total points on independent reading examinations," and "total 
points in the course." Table 19 lists the corresponding means for the 
two upper one-half ability levels and Table 20 summarizes the same 
information for the two lower one-half ability levels. Appendix A 
contains individual student scores on each of the five measures. 

Perusal of Tables 18, 19, and 20 cast doubt upon the possibility 
of finding significant differences between the two groups or between 
the two ability levels of the two groups on the various criterion 
measures in all but one or two instances. Even though the differences 
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between the two groups on the initial measures were no- great, there 
is the possibility that these differences account for the apparent lack 
of significant differences on the criterion measures* The analysis of 
covariance technique is designed to answer the question. 
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TABLE 18 



MEAN AND STANDARD DEVIATION OF SCORES ON 
FIVE CRITERION MEASURES FOR LCD AND 
LSGD GROUPS 







LCD Section 


LSGD 


Section 


Criterion 




Mean 


S.D. 


Mean 


S *D m 


Final exam - 


part I 


59.25 


22.20 


63.50 


21.89 


Final exam - 


part II 


12.60 


U.27 


13.30 


U.91 


Final exam - 


total 


71.85 


2U.9U 


77.10 


25.95 


Total points on indep ♦ 
reading examinations 


36. U0 


8.1U 


U0.30 


11.68 


j Total points 


in course 


275.60 


57.50 


295.00 


60.U0 



TABLE 19 



MEAN AND STANDARD DEVIATION OF SCORES ON FIVE 
■ ' CRITERION MEASURES FOR UPPER ABILITY 
LEVELS OF BOTH GROUPS 



"v;:- ‘-/T. V'Cy 


LCD Section 


ISGD 


Section 


Criterion 


Mean 


S.D. 


Mean 


S.D. 


Final exam - part I 


72.50 


22.61 


77.00 


17.06 


Final exam - part II 


lU.Uo 


3.58 


16.80 


2.U0 


Final exam - total 


86.90 


25.36 


93.80 


18.U8 


Total points on indep . 
reading examinations 


Uo.oo 


6.00 


U9.h0 


3.95 


Total points in course 


312.60 


U7.U1 


336.10 


27.97 
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TABLE 20 



MEAN AND STANDARD DEVIATION OF SCORES ON 
FIVE CRITERION MEASURES FOR LOWER 
ABILITY LEVELS OF BOTH GROUPS 





LCD Section 


LSGD 


Section 


Criterion 


Mean 


S.D. 


Mean 


S.D. 


Final exam - part I 


L6.00 


8.60 


50.00 


15.97 


Pinal exam - part II 


10.80 


3.92 


9.80 


3.9L 


Final exam — total 


56.80 


9.26 


60.30 


19.90 


Total points on indep. 
reading examinations 


32.80 


7.80 


31.20 


8.8U 


Total points in course 


238.60 


36.01 


253.90 


52 .6U 



Selection of Covariates 

— ■ - - — - 1 * 

Since the covariates were selected primarily on the basis of 

their correlation with the criterion measure, a table of correlations 

between initial measures and criterion measures was constructed . The 

correlations are given in Table 21. It should be noted that for sample 

size LO, the correlation coefficient must exceed .26U to reject the 

hypothesis that the population correlation coefficient differs from 0 

at the .05 level of confidence and must exc ^ .01 level 

(Dixon and Massey, 1969, p. 569) .All correlations exceed the former 
figure and all but three of the correlations exceed the latter; namely, 
pre-attitude versus final examination, part I; pre-attitude versus 
final examination, total points; and pre-attitude versus total points 

in the course. V- '\ 7 

The second consideration in the selection of the co variates 



was the existence 



of a reasonable difference between the two groups 
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TABLE 21 

CORRELATIONS BETWEEN INITIAL AND CRITERION MEASURES 



Criterion 

Measure 


Years 

H.S. 

Math 


Reas . 
Pretest 


Fund. 

Pretest 


Algebra 

Test 


Attitude 

Pretest 


A.C.T. 

Math 


A.C.T. 

Total 


Final 
Exam 
(Part I) 


.686 


.68a 


.U50 


.661 


.219 


.763 


.701 


Final 

Exam 

(Part II) 


.737 


.626 


.609 


.569 


. U70 


.682 


.6U8 


Final 

Exam 

(Total) 


.728 


.709 


.501 


.67U 


.328 


.785 


.727 


Total 

Indep. 

Reading 

Exams 


.676 


.607 


.62 h 


.U95 


.515 


.70U 


.702 


Total 
Points in 
Course 


.721 


.610 


•h.93 


.613 


.332 


.761 


.72^ 


' Post- 
Attitude 
Score 


•6lS> 


.596 


: , ..5 a? 


.538 


.757 
- . 


.568 


• U33 



on the pretests. The mean scores of the two groups on the "California 
Reasoning," "California Fundamentals," end the algebra test differed 
by at most two points j however, the standard deviations differed enough 
to warrant inclusion of all three as covariates. Attitude pretest mean 
scores of 6U.70 and 68.80 were judged sufficiently different to justify 
inclusion as covariates. The initial measure "years of high school 
mathematics" exhibited no difference between the two groups and so 
was hot retaineA as a covariatei: For convenience, the mean score and 
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standard deviation of scores for each of the seven initial measures 
is summarized in Table 22. The individual student scores on the 
algebra test are given in Table 23* The individual student scores on 
the other six initial measures were given in Tables 5, 9, 10, and 11. 



TABLE 22 

DESCRIPTIVE STATISTICS ON INITIAL MEASURES 
FOR BOTH GROUPS 



Initial Measure 


Statistic 


LCD Section 


ISGD Section 


Years of High 


Mean 


2.50 


2.50 


School Math. 


S.D. 


.827 


.827 


Pre-reasoning 


Mean 


h U.?0 


U5.50 


S.D. 


U.93 


8 . 5^ 


Pre-fundamentals 


Mean 


67.15 


65. hS 


S.D. 


8.26 


10.03 


Pre-attitude 


Mean 


6U.70 


68.80 


S.D. 


16.912 


1U.333 


Algebra Test 


Mean 


1U.55 


1U.10 


S.D. 


7.330 


U.327 


A.C.T. Math. 


Mean 


50.95 


51.75 




S.D. 


27.81 


23.37 


A.C.T. Total 


Mean 


257.10 


277.90 


S.D. 


116.U3 


102. 2U 



To determine whether the use of all six initial measures was 



practical in the sense of producing a significant increase in the 
accuracy of prediction of the regression equations, the multipie corre- 
lation coefficients of all six initial measures on each of the criterion 
measures was compared with the multiple correlation of subsets of one 
or more covariates with each of the dependent variables. The subsets were 



selected on the basis of their individual correlation with the criterion 
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TABLE 23 
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COOPERATIVE MATHEMATICS TI3T (FORM A, 
AIGEBRA II) INDIVIDUAL SCORES 



LCD 


LSGD 


Student 

Number 


Test 

Score 


Student 

Number 


Test 

Score 


1 


11 

1 


1 


20 


2 


16 


2 


12 


3 


16 


3 


12 


4 


1U 


4 


13 


5 


26 




13 


6 


11 


6 


16 


7 


30 


7 


17 


8 


10 


8 


13 


9 


7 


9 


8 


10 


16 


10 


9 


11 


14 


11 


10 


12 


29 


12 


18 


13 


11 


13 


■ ■ n 

\ 


14 


10 


14 


r po 


15 


24 


16 


17 


16 


10 


16 


16 


17 


10 


17 


19 


18 


7 


• 18 


2 i 


19 


19 


19 


16 


20 


^ io 


20 


8 




McNemar (19U9, p. 266) indicates that the F-ratio 

R? - R? N - m-. - 1 

F = — — 

1 - m]_ - m2 

ifith m 1 - m 2 and N - m 1 - 1 degrees of freedom, where R^_ is the multiple 
correlation based on all of the independent variables, R 2 is the multi- 
ple correlation based on the selected subset, N is the number of indi- 
viduals, is the total number of independent variables, and m 2 is the 
number of independent variables in the subset, may be used to test the 
statistical difference between R]_ and R 2 . McNemar (p* 266) states that 
"If F falls beyond the *01 point, we can safely assume that the apparent 
g<iin in using the additional variable or variables possesses statistical 
significance •" 

The multiple correlation of the selected subsets of one covariate 
were the first to be compared with the multiple correlation of all six 
covariates. If the F-ratio indicated that no significant gain could 
be piade with the inclusion of additional covariates, the analysis of 
covariance was completed. For each .riterj.or .iure or .vli-ieh the j 
F-ratio -indicated a significant gain could be made using additional 
corvariabes, the multiple correlation of the subsets of two covariates 
w^s compared with the multiple correlation for all siz^ c»~ variates* In 
every case, no more than two covariates were needed. .Table 2b lists 
.ttoe criterion measures with their associated covariates, the multiple 
correlation coefficients, and the F-ratios . It will lbs observed that 
in four of the eight cases, -the gain made by inclusiom <$f covariatos 
other than U A,.G.T. mathematics'* does not possess statistical significance 



TABLE Zh 
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COMPARISON OF MULTIPLE CORRELATION WITH CRITERION 
MEASURES OF SELECTED COVARlATnS AND ALL SIX 
nnwi PT4TRS FOR. TOTAL GROUPS 



Criterion 

Measure 


Multiple Correlation 
with -ftOovariat.es 

i,ii,iii,iv,v,vi 


Subset 


Multiple Correlation 
of Subset with 
Criterion Measure 


-;h*F 


Post-reas * 


.831 


i 


.811 


3 Ji90 


Post-fund. 


~ .852 


i, ii 


.772 


3.681 


Post-attitude 


.814.6 


hi 


.757 


3-329 


Final Exam. 
Part I 


.827 


V 


. 763 


2.125 


Final Exam. 
Part 11 


.783 


V 


.682 


2.535 


Final Exam* 
Total 


•8U7 


V 


.785 


2.363 


Total Points 
Inde. Reading 
Exam. 


.823 


II, v 


.759 


2.590 


Total Points 
in Course 


*798 


V 


.761 


| 1.0U8 



■* I «* Pre-reasoning 
II “ Pre-fundamentals 
III =■ Pre-attitude 



IV = Algebra Test 
V A.C.T. Mathematics Percentile 

VI = A.O.T. Total ' 



**F #99 (33,5) - 3-66j F %99 (33,U) 



= 3.97 



Analysis of Gova.ria.nce 

The existence of a difference in group means on the "California 

Reasoning," "California Fundamentals, " and attitude scale posttests will 

first be investigated. Table 25 summarizes the statistical information 

for the full groups. In each case. Appendix D contains the raw score 

mean and the adjusted mean score. 

The F-ratios given in Table 26 indicate that there is no 
significant difference at the .05 level of confidence betveen the mean 



TABLE 25 

MEAN AND STANDARD DEVIATION OF SCORES 
OF TOTAL GROUPS ON THREE CRITERION 
MEASURES 



1 “ 

Criterion 


LCD Group 


LSGD 


Mean 


S.D. 


Mean 


S.D. 


Reas. Posttest 


U8.55 


U.93 


U9.20 


6.73 


Fund. Posttest 


70.20 


7.28 


70.85 


6.L2 


Attitude Posttest 


68.75 


13-52 


69.25 


10. 9U 1 



TABLE 26 

ANALYSIS OF COVARIANCE: TOTAL GROUP COMPARISON 

OF MEANS ON THREE CRITERION MEASURES 





Covariates 


Criterion 


Pre-reasoning 


Pre-fundamentals & 1 
Pre-reasoning j 


Pre-attitude 






*F -ratios 


Post-reas. 

. Post-fund. 

| Post-attitude 


.010 

L ■■ — 


■ 

.526 


! 

.530 



^ a975 (1,37) - P.U7 and F ^ (1,37) - -0009 



I 
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scores of the two groups on post-reasoning, post-fundamentals, or 
post-attitude scale. That is, it is not safe to assume that regression 
lines, or regression plane in the case of the post-reasoning variable, 
for the separate groups are different from those of the combined groups. 

The analysis of covariance of the difference of mean scores between 
the two total groups on the last five criterion measures, that is, on final 
examination - part Ij final examination - part II} final examination - total 
total points on independent reading examinations} and on total points in 
the course, indicates that there is no significant difference at the .05 
level of confidence between the two groups in any instance. Table 27 
lists the criterion measures, covariates used, and the F-ratios computed. 



TABLE 27 

ANALYSIS OF COVARIANCE: TOTAL CROUP COMPARISON 

OF MEAN SCORES ON FIVE CRITERION MEASURES 





Covariates 


Criterion 


A.C.T. Math. 


A.C.T. Math, 
and Pre-fund. 




•*F -ratios 


Final Examination — 
Part I 


•671 




Final Examination - 
Part II 


.312 




Final Examination - 
Total 


.81*8 




Total Points 
Independent Reading 
Examinations 




I*. 651 


Total Points in 
Course 


2.221 


__ 



*F.975 (1,37) - 5.U7 and F #025 (1,37) * .009 





■i ' 
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In the analysis of covariance of the criterion means for the 
upper and lower one-half ability levels, both of the initial measures, 
"A.G.T. mathematics” and. ”A.G.T. total” was deleted from the list 
of covariate 3 . This was done because "A.G.T. mathematics” was used to 
determine the ability levels and "A.C.T. total” is a composite of 
scores including "A.C.T. mathematics.” 

The selection of the covariates to be used in the analysis 
of covariance followed the same procedure as with the total groups. 

With one exception, it was found that for both ability levels a single 
covariate was sufficient for each of the criterion measures "post- 
reasoning,” "post— fundamentals, ” and "post— attitude.” Of the five re- 
maining criterion measures, four required two covariates in the uppers 
ability level and three required two covariates in the lower ability 
level. Since the same two covariates were found to be sufficient for 
all five criterion measures, in both ability levels, no analysis of 
covariance using only one covariate was performed. Tables 28 and 29 
give the multiple correlation coefficients and the corresponding F-‘ 
ratios for the upper and lower ability level, respectively. 

The analysis of covariance of the posttest mean scores of 
the two ability levels on the criterion measures "post-reasoning,” 
"post-fundamentals, ” and "post-attitude” indicated no significant 
difference at the .0$ level between the two groups on any one of the 
three criterion measures. The F-ratios computed are given in Taole 30 
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TABLE 28 

COMPARISON OF MULTIPLE CORRELATION WITH .CRITERION MEASURES 
OF SELECTED COVARIATES AND ALL FOUR COVARIATES FOR 
THE UPPER. 0N3-HAIF ABILITY LEVEL 



Criterion 


Multiple Correlation 
with *Covariates 

I, II, in, IV 


Subset 


Multiple Correlation 
of Subset with 
Criterion Measure 




Post-reas# 


.896 


I 


<*\ 

o 

CO 

• 


L.018 


Post-fund. 


.810 


I,II 


.705 


3.U70 


Post-attitude 


.858 


III 


.7U5 , 


3.U31 


Final Exam. 
Part I 


.821 


I,IV 


.802 


• 

•-J 

o 

CD 


Final Exam. 
Part II 


.737 


1,17 


.688 


1.1U5 


Final Exam • 

. Total ,yy.;\ >' 


.831 / 


I,IV 


.791 


•1*79 


Total Points 
Indep. Read. 


v .646 ■ 


f >IV 


.578 : -y^v' 
, - ' — 


1.072 


J Total Points 
. |:..-; in Course 


. ,.796 


i>iv 


.791 

• • / . •, . . • • ‘ ;. * 


.161* 



y * I * Pre-reasoning i/yy " \ ■'{ ’f- ‘ "i 

3v3;\ II = Pre-fundamentals - ^'=’. 

• *jn’> Preiraitilkdai^^ fr' ; 

•: TV = Algebra test 1 •'? cy. 3 " -ly ' yV. ; ; . •; 

— .99 = 6.36 and F o99 (1^,3) ** U*89 




68 



TABLE 29 

COMPARISON OF MULTIPLE CORRELATION WITH CRITERION MEASURES 
OF ALL FOUR COVARIATES AND SELECTED COVARIATES FOR 
THE LOWER ONE -HA IF ABILITY LEVEL 



Criterion 


Multiple Correlation 
with -H-Covariates 
I, II, HI, IV 


Subset 


Multiple Correlation 
of Subset with 
Criterion Measure 


-JHfF 


Post-reas. 


.711 


i 


.666 


1.275 


Post-fund. 


.728 


ii 


.716 


CO 

H 

• 


Post-attitude 


.783 


hi 


.693 


1.716 


Final Exam. 
Part I 


.518 


I, IV 


.491 


1.780 


Final Exam. 
Part II 


.632 


I,IV 


•4iH 


2.848 


Final Exam. 
Total 


.569 


I,IV 


.535 


■ • ■ 

tr 

H 

C^ 


Total Points 
Indep. Read. 


' .594 


i,rv 


.356 


2.623 


Total Points 
in Course 


, .379 


1,1V 


.336 


2.021 



| #• I; * Pre-reasoning 

I II - Pre-fundamentals 

III » Pre-attitude •• 

I • AC : '.- f IV Algebra test V ^ ■ 

■5HfF #99 (15,2) - 6.36 and (15,3) = 5.U2 



I 
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TABLE 30 

ANALYSIS OF COVARIANCE: COMPARIS ON OF UPPER ON E-HA IF 

ABILITY LEVELS AND LOWER ONE-HALF ABILITY 
LEVELS ON THREE CRITERION MEASURES 







Covariates 


Criterion 


Ability 

Level 


Pre-reas. 


Pre-fund. 


Pre-attitude 


Pre-reas .& 
Pre-fund* 








*F- 


■ratios 




Post-reas • 


Upper 

Lower 


.00U 

.002 








Post-fund. 


Upper 

Lower 




2.150 




.963 


Post-attitude 


Upper 

Lower 






.086 

1J+7U 





^ .975 t 1 * 17 ) = 6.0U; F.025 (1,17) = . 001 j F #9?5 (1,1.6) - 6.12 
f .025 (1 » 16) = •° 01 * 



Table 31 gives the results of the analysis of covariance per- 
formed on the mean scores of the five remaining criterion measures for 
the two ability levels. It will be recalled that there was no statis- 
tically significant difference, at the .01 level of confidence, between 
the use of all four covariates and the covariates "pre-reasoning'* and 
"algebra test." 

The analysis of covariance indicates that at the *05? level of 
confidence, there is no significant difference between the mean scores 
of the two groups at either ability level on the criterion measures 
"final examination-part I," "final examination-part II," "final \ 
examination-total," and "total points in course." Furthermore, there 
is no significant difference , at the .05 level of confidence, between 
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TABLE 31 



ANALYSIS OF COVARIANCE: COMPARISON OF UPPER ONE-HALF AND 

^ on£half ability levels of the two groups® 

FIVE CRITERION MEASURES USING "PRE-REASONING 
AND "ALGEBRA TEST" AS COVARIATES 



Criterion Measure 


Ability 

Level 




Final exam - part I 


Upper 


.020 




Lower 


1.70k 


Final exam - part II 


Upper 


3.225 




Lower 


.058 


Final exam - total 


Upper 


.25U 




Lower 


1.268 


Total points on indep. 


Upper 


19-387 


reading examinations 


Lower 


.012 


Total points in course 


Upper 


3.083 7 




Lower 


1.198 



«? s 9 ? e ( 1 , 16 ) - 6 . 12 ; F - 02 S ( 1 , 16 ) ■ •° 01 

the mean snores of the two lower ability levels on the criterion variable 
"total points on independent reading examinations." 

However, for the two upper ability levels, the analysis of 

covariance indicates that the mean scores of the two groups differ 
significantly, at the .05 level of confidence, on the criterion vari- 
able "total points on independent reading examinations* 

Analysis of Questionnaire on Mechanics and Opinions of the Cours e 

Since complete anonymity was desired and since the students 
without A *C.T . scores did not know they were excluded from the statisti- 




."3 
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cal analysis, the questionnaire was answered by all 27 students in the 
LCD group and all 23 students in the LSGD section. Appendix F contains 
the questionnaire and the percentage of students responding to each 



alternative. 

To obtain some measure of the relative difficulty of the course, 
the correlation between the '•"dents ' opinion as to difficulty and hours 
spent outside of class in study was computed (questions 2 and 5). The 
numbers 1, 2, and 3 were assigned 'so the possible alternative responses. 



with the number 3 indicating, ini qisBStiacr two, that the course was more 
difficult than expected by the •student snd, in question five, that more 
than six hours per week were spsntt *.n s~&dy outside of class. The corre- 
lation between the response to tbs two cpsstions by the LCD group was 
.293 and was .329 for the LSGD section. A sample correlation coefficient 
of about .325 is required to declare that the correlation differs signifi- 
cantly from 0 at the .05 level with a sample of size 27 . The correspond- 
ing figure for a sample of size 23 is approximately .3^0; thus, there 
does not appear to be significant linear relationship between the stu- 
dents 1 opinion on the difficulty of the course and the time spent in 



study outside of the class period. 






There was a significant relationship between the amount of time 



spent in study outside of class and the anticipated letter grade in the 
LCD section (the letter grades A, B, C, and D were assigned the numbers 
1, 2, 3, and U, respectively). However, in the LSGD group the sample 



from 0 at 



correlation coefficient fails to be significantly different 
the .05 level. That is, in the LCD group there is some reason to believe 
that the students who spend the least time in study outside of class 
also anticipated the higher Istrser grade, but in the LSGD section 



eric: 






^ .. y : n-.. • [?■ '• ' '7 / 

: : * . = ; ' ■ s : 

• . • 



m 












72 



the evidence does not support the same conjecture. Table 32 contains 

the correlation coefficients computed. 

TABLE 32 

("•craR KLATI0NS WITHIN GROUPS AMONG THREE SELEO^ED QUESTIONS 

® OPXNIOS OF COURSE" QUESTIONNAIRE 



■aQuestion 


Section 


Z 


5 


11 


2 


I -CD 


1.0 


.1293 


.525 




LSGD 


1.0 


.329 


.107 




LCD 


.293 


1.0 


.375 




LSGD 


.329 


1.0 


.375 


11 


LCD 


.525 


.375 


1.0 




LSGD 


.107 


.337 


1.0 



■aQuestion 2: 

Check one of the following: 

1. The course was easier than I had expected. 

_ __ 2. The course was about as difficult as I had expected. 

3e The course was more difficult than I had expected. 

Question $i '' 

How much tb» did you nave to spend studying the material outside 

of the class period? 

1. less than four hours per week 

_____ 2. between four to six hours per week 
3. more than six hours per week. 

Question 11: 

What letter grade do you expect to receive xn this course? 

1. A; 2. B; 3« Cj D * 
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Five students in each class indicated that the course was more 
difficult than expected. Of the five students in the LCD section, 
two of them indicated that they felt their attitude toward mathematics 
had changed for the better (question 8) and the remaining three indicated 
that no decided change had occurred. In the LSGD section, however, only 
one student of the five indicating that the course was more difficult 
than expected responded that no change in attitude had occurred. Three 
students felt that their attitude had improved and one student felt that 
his attitude toward mathematics had deteriorated during the course of 
the semester. The remaining students in each group, that is, those that 
felt that the course was either easier than expected, or was about as 
difficult as expected, indicated that they did not feel that their atti- 
tude had changed or they felt that it had changed for the better. 

Other statistical analysis of the questionnaire could have been 
performed* however, for this study all other questions were answered by 
considering the percentage of students responding to each alternative 
within each question. Any analysis relating the questionnaire to the 

eight criterion variables previously discussed could be misleading 
since all students completed the questionnaire and only £3 students 
from each; group were included in tifb other statistical analyses. 





CHAPTER V 



SUMMARY, CONCLUSIONS, AND hJiSOOMMEN DATIICCNS 



The three hypotheses given in Chapter I which served as a basis 
for this study will be considered in the light of the ca?ta collected 
and the analysis of the data presented in Chapter XV. 'Conclusions 



relating to the hypotheses will be given in the section entitled 
"Specific Conclusions." An answer to the question "Can a mathematics 



class of preservice elementary school teachers working Xn small groups 



examine all of the course content included in a class tartsght by a 
lecture-class discussion technique?" will be given in the "General 
Conclusions" section. Recommendations and suggestions for additional 
research related to this study conclude the chapter. 

As stated in Chapter I, the purpose of this study was to com- 
pare the effectiveness of two teaching techniques used in two mathe- 
matics classes for prospective elementary school teachers. The 
effectiveness of the two techniques was evaluated by considering tine 
students • performance on certain criterion measures . A comparison 
was made between the two groups on (a) the amount of mathematical 
content examined by each section; (b) the students' understanding of 
the basic mathematical concepts underlying arithmetic; (c) their 

mastery of the computational skills of arithmetic; (d) their ability 

to read mathematical material independently and with understanding; 
arid (e) the attitude toward mathematics held by the students of each 




•: In- 
group. 
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The two teaching techniques were the lecture-class discussion 
(LCD) method and the lecture-small group discussion (I£GD) instructionax 
procedure. In the LCD section, approximately thirty percent of the 
class period was devoted to lecture by the instructor, with the remain- 
ing seventy percent given to instructor-led class discussion. Lecture 
consumed twenty percent of the time in the LSGD section and instructor- 
led class discussion used another twenty percent of the class period. 
The remaining sixty percent of the time in the LSGD section was devoted 
to small-group (three or four students) work on assigned material. rhe 
instructor and one assistant were available to give limited assistance 
to the discussion groups. 

Throughout the chapter references will be made to the instru- 
ments used in obtaining the criterion measures. For convenience, the 
criterion measures along with the instruments used to obtain them are 
given below. 

1. Mathematics reasoning skills: Part I, "Mathematics 

Reasoning Text,'* of the California Mathematics Test (Form X), 
1957 edition, revised toy Tiegs and Clark • 

2# Computational skills: Part II, "Mathematics Fundamentals 

Test/" of the Gain f ornia Mathematics Test , (Form X), 1957 
edition, revised by Tiegs and Clark. 

3 # Attitude toward mathematics: Attitude toward mathe- 

matics scale devised by Aiken and Dr eger (1961, pp. 19-2U) • 

U. Final examination. - part I: An instructor prepared 

multiple-choice test covering the entire semester’s work*. 

5. Final examination - part II: An instructor prepared 
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examination containing mathematical concepts not previously 
covered in class and exercises based on this material. 

6. Final examination - total: Union of parts I and II . 

7. Achievement on independent reading examinations: The 

union of the instructor prepared unit test I - part II, 
unit test II - part II, unit test III - part II, and final 
examination - part IX* 

8. Overall course achievement: The sum of all points 

earned on the three unit tests and the final examination. 

The validity of any conclusions drawn from the results of this 
;udy must be determined within view of its limitations. The acknowledged 

imitations of -this investigation are: 

1. Even though there did not appear to be any factor other 
than normal scheduling problems influencing class composition, 
the samples were not randomly selected. 

2. Just two classes with a total enrollment of U7 students 
were used in this study. Furthermore, the statistical analysis 
was performed on data collected on only UO of the students. 

3. Even though both classes studied from the same set of notes, 

the LSGD section may have been more dependent upon the dittoed 
material constituting the course content. The progress made 
by the LSGD section during any class period seemed to be 
related to the organization and clarity of the notes. In 
some cases a greater number of easier exercises may have been 
beneficial, while in other cases students could perhaps have 
worked fewer exercises and still havo mastered the necessary 

concepts* • 




Notwithstanding the acknowledged limitations of this study, 
certain conclusions can be drawn based on the data collected, the 
analysis of. .the data, and personal observations. Conclusions based on 
the data and the analysis of the data are given in the following sec- 
tion. Conclusions drawn from personal observations and impressions 
are included in the general conclusions section. 



Specific Conclusions 

Hypothesis 1. There is no significant difference at the 

.05 level of significance between pretest and posttest 








scores within groups with respect to 



(a) mathematics reasoning skills 

(b) computational skills 

(c) positive attitude toward mathematics scale. 
Conclusion 1. lue t-test computed in Chapter IV indicates 

that Hypothesis 1 may not be rejected with respect to 

criterion (a) in the LSGD section, criterion (b) in the 

LCD section and criterion (c) in both sections. 
Conclusion 2. The t-test computed in Chapter IV suggests 
that Hypothesis 1 be rejected in favor of the alter- 
native hypothesis "posttest mean greater than pretest 
mean" with respect to criterion (a) in the LCD group 



and criterion (b) in the LSGD section • 

Hypothesis 2. There is no significant difference at the 
.05 level of confidence between pretest and posttest 
means within groups at the upper and lower ability 
levels with respect to 
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(a) mathematics reasoning skills 

(b) computational skills 

(c) positive attitude toward mathematics scale. 

Conclusion 3. The t-test computed in Chapter IV does not 

suggest rejection of Hypothesis 2 for the upper ability 
level within each group on any of the three criterion 
measures. 

Conclusion U. The t-test indicates that Hypothesis 2 be 

rejected in favor of the alternate hypothesis "posttest 
mean greater than pretest mean" with respect to criterion 

(a) in the lower ability level of the LCD section and 
with respect to criterion (b) in the lower ability level 
of. the LSGD section. 

Hypothesis 3. There is no significant difference at the 5> 
percent level of confidence between the mean scores of 
the two** groups with respect to 

(a) mathematics reasoning skills • 

(b) computational skills 

(c) positive attitude toward mathematics scale. 
Conclusion J?. The analyses of covariance computed in 

Chapter IV suggest that Hypothesis 3 may not be 
rejected for any of the three criterion measures. 
Hypothesis U . There is no significant difference at the 
.05 level of confidence between the mean scores of 
the upper one-half ability levels of the two groups 
with respect to 
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(a) mathematics reasoning skills 

(b) computational skills 

(c) positive attitude toward mathematics scale. 

Conclusion 6. The analyses of covariance do not indicate 

rejection of Hypothesis U for any of the three criterion 
measures. 

Hypothesis 5.' There is no significant difference at the .05 
level of confidence between the mean scores of the 
lower one-naif ability levels of the two groups with 
respect to 

(a) mathematics reasoning skills 

(b) computational skills 

(c) positive attitude toward mathematics scale. 

Conclusion 7. The analyses of covariance do not support 

rejection of Hypothesis 8 on any of the three criterion 
; : • measures • 

Hypothesis 6. There is no significant difference at the 
.05 level of confidence between the mean scores of 
the two groups with respect to 

(a) final examination - part I 

(b) final examination - part II 

(c) final examination - total 

(d) achievement on independent reading examinations 

(e) '’overall course achievement. 

Conclusion 8. The analyses of covariance computed in 

Chapter XV do not support rejection of Hypothesis 6 
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Hypothesis 7. There is no significant difference at the 
.05 level of confidence between the mean scores of 
the upper one— half ability levels of the two groups 
with respect to 

(a) final examination - part X 

(b) final examination - part II 

(c) final examination - total 

(d) achievement on independent reading examinations 

(e) overall course achievement. 

Conclusion 9. The analyses of covariance fail to give 
evidence to reject Hypothesis 7 with respect to 
criterion measures (a), (b), (c), and (e). 

Conclusion 10. The analyses of covariance indicate that 
Hypothesis 7 be rejected with respect to criterion 
(d). In fact, the difference between mean scores is 
significant at the .01 level of conf idence . 

Conclusion 11. Since the adjusted mean of the independent 
reading score was greater for the upper one-half 
ability level of the LSGD section than for the cor- 
responding level of the ICD section and since the 
difference of means was significant, the investigator 
concluded that the mean score of the LSGD section 
was significantly greater (at the .05 level) than 
the mean of the LCD section on this criterion 
measure.; 

The correlations among three selected questions and the 



nercent of students responding to various alternative responses to 
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each question oh the student questionnaire dealing with the mechanics 
of the course, length of examinations, time spent in study outside of 
class, etc., led to the following conclusions: 

Conclusion 12. The students in the ISGD section indicate a 
tendency toward the opinion that their attitude toward 
mathematics had changed for the better during the 
semester. Students in the LCD section tended to be- 
lieve that their attitude toward mathematics had not 
changed during the course of the semester. 

Conclusion 13. A majority of the students in each class 
believe that the course will definitely be of value 
to them as elementary school teachers of mathematics . 
The percentage of students with this belief was 
greatest in the section taught by the LSGD instruc- 
tional technique. 

Conclusion 1U. In the LCD section there appears to be a 

linear relationship between the letter grade a student 
expects to receive and their response to whether the 
course was easier, about as difficult, or more diffi- 
cult than they had expected. The students stating 
that the course was easier or about as difficult as 
expected also anticipated the higher letter grade for 
the course. The evidence does not support the same 
• conclusion in the LSGD group. 



Conclusion If? . In the LCD section, there appears to be a 

linear relationship between the letter grade a student 
; - eipepts to receive for the course and the amount of 




time spent in study outside of class. The students 
indicating that they anticipated one of the higher 
letter grades also indicated that they did not have 
to sDend much time in study outside of class. The 
evidence does not support the same conclusion in the 
ISGD group. 

Conclusion 16. The students in the LSGD section were more 
inc li ned to believe that their attitude toward mathe- 
matics had improved since the beginning of the semester 
than were the students of the LCD section. 

Conclusion 17 • It will be recalled that the teaching 

technique employed in each section was explained to 
both sections at the beginning of the semester. The 

students in the LSGD section generally agreed that 

they could not have learned more mathematics had they 
been enrolled in the LCD section • 

Conclusion 18. The students in the LSGD section almost 

unanimously agreed that discussion groups of size four 
without pairing within the group were the least effec- 
tive. Group size three and group size four with pair- 
ing within the group are about equally favored by the 
students of the LSGD section. 

Conclusion 19. Students in the LSGD section overwhelmingly 
agreed that the ten minutes allotted to regular lecture 
activities at the beginning of the period was sufficient 



General Conclusions 

Conclusion 20. A comparison of the mathematical content 
covered by the two sections during the semester and 
the results of the statistical analysis in chapter 
four led this investigator to conclude that a mathe- 
matics class for preservice elementary school teachers 
taught by the LSGD instructional technique can cover 
as much mathematical material' as a class taught by the 
LCD approach without sacrificing -understanding of the 
basic concepts presented in &fcee course. In fact, as 
observed in conclusions one taarough eleven, the LSGD 
teaching technique is at laaf^t as effective as the 
LCD method on all criterion! iseessures ami in a few 



cases is clearly superior* 

Conclusion 21. The observations fpiven below led this 

investigator to conclude that the LSGD instructional 
technique is superior to the LCD technique in 

1. stimulating the students 1 interest in mathe 
matics, 

2* promoting the idea that mathematics is not 







static, 

3 . enhancing the students* ability to communicate 



verbally in mathematics, 

U. contributing to the students ' ability to work 
effectively in a small-group situation, and 



5 . developing the habit 



to think critically 
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about a given statement or concept in mathe- 
matics before accepting its validity. 

The instructor and his assistant made it a practice to arrive 
at the classroom at least five minutes before each class was to began. 
This was done primarily to provide an opportunity for students to ask 
individual questions about the homework or on some topic covered during 
the previous class period. No tally was kept, but the instructor and 
his assistant agree that with few exceptions the questions asked in 
the LCD section were of the nature "I tried to solve she problem in 
this way, but I couldn't get a result. What am I doing wrong?" In 
all cases, the questions that were asked related directly to home- 
work or material covered in class. 

In the LSGD section the questions and remarks during the 
five minutes before class were markedly different. The questions were 
rarely about specific pr obi ans, but were rather of the nature "Why 
do we approach this concept as we do? Wouldn't it be easier to under- 
stand if we said . . .instead?" Undoubtedly, the questions they would 
ask during these pre-class periods were prompted by difficulties 
encountered during their group's discussion on the previous day. For 
example, in the second chapter of the notes, the operation "set differ- 
ence" was defined in the usual way and then the complement of a set A 
was defined as the set difference of the universe U and set A. In 
the exercises, the students were asked to show that the set difference 
of a set A and a set B is the same as the intersection of set A and 
the complement of set B. The question then raised by several students 
/ . W as "I understand that the complement of a set A is everything in the 



85 



universe except the elements of A and I understand the definition o£L 
set intersection, so why do we need sret difference at all ?’ 1 

Other pre-class conversations in the LSGD section centered 
around mathematical puzzles and games suggested by students. The 
instructor of the course frequently used (in both sections of the 
class) mathematical diversions to stress a point or t o stimulate 
interest in a particular topic and s«s the students knew of his 
interest in puzzles or games with a mathematical flavor. It is 
likely that the students suggesting the first two or three mathe- 
matical '‘oddities" possessed an interest in this type of mental 
activity before enrolling in the class; however, the informality and 
congeniality of the small-group diauussion class fostered, m the 
opinion of this investigator, a similar interest by others. Neifetaar 
the instructor nor his assistant sensed a similar atmosphere in the 
LCD section . 

It is the opinion of this investigator that the opportunities 
for exchanging ideas on particular problems and the opportunities to 
examine critically the ideas and suggestions of other students 
afforded by the nmall discussion groups, advanced the thought that 
very little ought to be accepted in mathematics without reasonable 
justification. Whereas students in the LCD group were inclined to 
say to the instructor "I don ' t understand that statement, " students 
in the LSGD section were apt to state "I don't believe that's true." 
It is quite likely they didn't believe the statement because they 



didn't clearly understand it, but the fact remains that a substantial 

number of stiidehts in the LSGD section were eager to make known their 
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reluctance to accept a statement as true simply because the imstrmctor 
made the statement. 

It dLs the opinion of this investigator tsnat participation 
in the small work groups of the LSGD section enhanced the student' 
ability to verbally communicate ideas in mathematics* As will be 
recalled, the final ten minutes of each class period was allotted to 
an instructor-led class discussion. During this--' period, the students 
gave their solutions to solved problems either verbally or presented 
them at the board. Since the time period was short, students rare 
encouraged, although not required, to present their argument verfoally. 
Since both sections used the same notes, the saiae questions werre 
answered by students of each group, thus it was possible to subjectively 
rate the quality of student response on specific questions. The instruc- 
tor and his assistant agree that students of the ISGD group invariably 
gave a clearer and more concise argument and, furthermore, seemed more 
adept at defending their argument upon questioning by the instructor 
or a fellow student than did students in the LCD section. 

The tenor of the small-group discussions began to change 
after the first few weeks. Early in the semester, students appeared 
reluctant to criticize the arguments of others in the group. However, 
as the semester progressed, good, healthy debate over proposed solutions 
was occurring with regularity. As the instructor and his assistant 
circulated about the room listening to group conversations and answer- 
ing questions,!; they looked for signs of animosity building between or 
among students . They found none at ary time. After the early weeks 
of the semester, the need for a designated group leader for the day 
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was diminished. The students appeared to be readily accepting their 
individual irresponsibility toward the completion of the assigned task. 
It is the cu>ini.on of this investigator that participation in the LSGD 
class esah aaced. the students' ability to work effectively in a small- 
group situation* 

Recoipmendaitlorris 

Bteic ammen dation 1* Some of the students in each class had 

taken the required four- credit "Science-Social Studies- 
Mathematics" techniques course (approximately three- 
sixteenths of the time is devoted to the techniques 
of teaching arithmetic) . Since the techniques course 
may have provided additional motivation, it is recom- 
mended that future studies of this nature consider this 
variable* 

Recommendation 2. It is recommended that in any future 

investigations similar to this study, students in the 
LCD section be required to submit written homework 
assignments on a regular basis. Since most class 
discussion was on a voluntary basis, poorer students 
frequently did not take the opportunity to work on 
the more difficult exercises, perhaps decreasing 
their chances of doing well on the independent read- 
ing examinations* 

Recommendation 3. It is recommended that in any future 

investigations similar to this study, students in the 
LSGD section be required, as a homework assignment. 




or twice a. weekj written 



to individually submit once 
solutions to exercises solved through group discussion. 
This procedure would provide the instructor with an 
early indication of individual misconceptions. 

Recommendation U. It is recommended that in future studies 
similar to this study, several different upper and 
lower one-half ability levels be determined. Specif- 
ically, A.C.T. total score, algebra test score, and 
California Mathematics Test total should all be used 
separately to determine ability levels. 

Recommendation It is obvious that in studies comparing 

two teaching methods that the teacher variable is an 
important one. Future studies similar to this investi- 
gation should take the teacher variable into considera- 

tion. 

Recommendation 6. It is highly recommended that in any 

future investigation similar to this study, an attempt 
be made to measure the students 1 ability to read 
mathematical material independently and with under- 
standing at the beginning of the course. Research 
should be aimed at the development of valid tests 
designed to measure the ability of preservice 
elementary teachers to read independently and with 
understanding, mathematical material similar to 
Topics in Mathematics for Elem entary Teachers pub- 
lished by the National Council of Teachers of 
Mathematics. 
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Recommendation ?. It is highly recommended that future 

investigations similar to this study make provisions 
for a follow-up study to determine the technique of 
teaching mathematics used by the students in their 
first full-time teaching assignment. 

Recommendation 8. It is recommended that future investx- 
gations similar to this study make provision for 
laboratory-type experience in mathematics for students 
of the ISGD section# 

The physical facilities required for imple- 
mentation of the LSGD teaching technique (i.e., adequate 
facilities for small-group work) would seem to be well 
suited for the incorporation of laboratory work within 
the regular class period. The experiments could be 
very short or could take up to 50 minutes. Incorporating 
the laboratory work into the regular class period would 
eliminate the need for the careful (but quite often 
unsuccessful) coordination of classroom activities 
with laboratory work that is required when’ the labora- 
tory period is scheduled separately. 

There are no laboratory manuals presently 
available that could be used successfully within the 
framework just* described# 

Recommendation 9. Traditionally the "methods of teaching 
elementary school arithmetic" courses have been 
taught separately from the c ontent courses . In fact. 
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the content course is usually taught by the mathematics 
department and the methods course by the education de- 
partment. If personnel knowledgeable in both areas 
are available, this author believes that the two courses 
ought to be integrated. The integration suggested here 
is not one of spending four class periods on content 
followed by a. fifth day devoted to methods of teaching 
the content — although this arrangement is also believed 
to be preferable to teaching separate courses — but 
rather a fusion of method and content. For example, 
after discussing and proving the theorem "If a, b, c, 
and d are whole numbers, with b £ a and die, then 
(a+c) - (b+d) “ (a-b) + (c-d) an immediate question 
could be "Where in the elementary school arithmetic 
sequence would you have need for this theorem and how 
would you lead students to discover the theorem." 
Another question might be "How would you argue the 
theorem's validity at the third or fourth level?" 

In the opinion of this investigator, the 
spirit of constructive criticism, the informality, 
the free exchange of ideas, and the opportunity stu- 
dents have to discover mathematics "or. their own" 
that appears to exist in a class taught by the LSGD 
technique would contribute significantly to successful 
integration of method and content. 

' '•'..•It is. recommended, therefore, that research 




be directed toward determining the advantages or dis- 
advantages of fusing mathematics content courses and 
methods of teaching arithmetic courses. 
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APPENDIX A 



UNIT TEST SCORES, FINAL TEST SCORES, AND TOTAL POINTS 
IN COURSE FOR BOTH GROUPS 
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TABLE 33 
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UNIT AND FINAL TEST SCORES FOR LCD SECTION 
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TABLE S3 .= Continued 



UNIT AND 


FINAL 


TEST SCORES FOR 


LCD 


SECTION 








♦TEST 




U 11 


U 12 


U 21 


U 22 


U 31 


U 32 


F 1 


F 2 


STUDENT 

NUMBER 


HIGHEST POSSIBLE SCORE 




86 


14 


88 


12 


86 


1U 


150 


25 


18 


69 


u 


73 


8 


43 


7 


4o 


13 


19 


66 


6 


7k 


8 


69 


10 


55 


17 


20 


82 


13 


76 


8 


54 


9 


55 


15 



#U^j " Unit test i> part 

m Final test, part i. 
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TABLE 34 



TOTAL POINTS ON EXAMINATIONS FOR LCD SECTION 





*TOTAL 




T 1 


T 2 


T 


STUDENT 

NUMBER 


HIGHEST POSSIBLE 


TOTAL 






Uio 


65 


U75 


1 


2U0 


3U 


27U 


2 


237 


Ul 


278 


3 


188 


2U 


212 


U 


218 


27 


2U5 


5 


30U 


Ul* 


3U8 


6 


172 


UO 


212 | 
38U 


7 


3U2 




8 


175 


23 


198 


9 


2U2 


27 


269 


10 


127 


36 


263 


11 


176 


Ul 


217 


12 


330 


U9 


379 


13 


1 252 


Ul 


293 


Hi 


225 


UO 


265 


15 


315 


U6 


361 


16 


19U 


23 


217 


17 


191 


32 


223 
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TABLE 54 - Continued 



TOTAL 


POINTS ON EXAMINATIONS 


FOR LCD 


SECTION 




♦TOTAL 




Tl 


*2 


T 


STUDENT 

NUMBER 


HIGHEST POSSIBLE TOTAL 




U10 




475 


18 


225 


32 


257 


19 


264 


41 


305 


20 


267 


4? 


312 



^ T 1 “ U H * U 21 + U 31 + F 1 ( See Table 33) 

T 2 ■ U 12 + U 22 + U 32 + ^2 (See Table 33) 

T * Ti + Tg 
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TABLE 35 



1 

1 

t 

I, 




1 - 

i 

t 



i 



UNIT AND 


FINAL 


TEST SCORES FOR 


LSGD 


SECTION 








-#TEST 




U 11 


U 12 


U 21 


U 22 


U 31 


U 32 


F 1 


F 2 


STUDHNT 

NUMBER 


HIGHEST POSSIBLE SCORE 




86 


Hi 


88 


12 


86 


lii 


150 


25 


1 


79 


11 


68 


12 


68 


8 


105 


19 


2 


66 


9 


57 


7 


6k 


10 


UO 


10 


3 


ho 


U 


U9 


7 


U9 


6 


30 


9 


H 


79 


Hi 


88 


12 


60 


10 


70 


13 


5 


68 


Ik 


73 


9 


65 


8 


85 


16 


6 


7k 


13 


60 


8 


62 


6 


60 


17 


7 


69 


5 


66 


8 


65 


6 


55 


15 


8 


6U 


8 


76 


12 


6k 


12 


55 


13 


9 


U8 


8 


67 


6 


U7 


k ■ 


35 


9 


10 


82 


12 


77 


9 


73 


ID 


70 


lU 


11 


35 


5 


38 


7 


U8 


7 


55 


6 


12 


76 


13 


67 


12 


70 


10 


90 


18 


13 


56 


2 


6U 


6 


61 


6 


U5 


k 


lU 


73 


12 


62 


12 


62 


8 


6o 


20 


15 


66 


12 


60 


7 


69 


11 


70 


16 


16 


79 


12 


75 


9 


71 


12 


75 


16 


17 


59 


6 


Ul 


8 


62 


6 


U5 


10 




in 
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TABLE 35 - Continued. 



UNIT AND FINAL TEST SCORES FOR LSGD SECTION 





•H-TEST 




U n 


U 12 U 21 U 22 


U 31 


U 32 


F 1 


F 

2 


STUDENT 
NUMB HI 




HIGHEST 


POSSIBLE SCORE 










86 


1U 


88 12 


86 


Ik 


150 


25 


18 


63 


13 


71 7 


66 


12 


80 


16 


19 


80 


1U 


63 12 


78 


12 


no 5 


20 


20 


33 


8 


55 6 ' 


U8 


5 


Uo 


5 



■ Unit test i, part j. 
Fj^ « Final test, part i. 



O 
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TABLE 36 

TOTAL POINTS ON EXAMINATIONS FOR LSGD SECTION 





*TOTAL 




T 1 


T 2 


T 


STUDENT I" 
NUMBER 1 


HIGHEST POSSIBLE 


TOTAL 






Uio 


65 


U75 


1 


320 


50 


370 


2 


227 


36 


263 


3 


168 


26 


19U 


h 


297 


U9 


3U6 


5 


291 


U7 


338 


6 


256 


hh 


300 


7 


j 255 


3U 


289 


8 


1 260 


U5 


305 


9 


196 


27 


22U 


10 


305 


U5 


3U8 


11 


177 


25 


202 


12 


30U 


53 


357 


13 


226 


18 


2UU 


1U 


257 


52 


309 


15 


266 


U6 


312 


16 


301 


U9 


350 


If 


207 


30 


237 



113 
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TABLE 36 - Continued 



TOTAL POINTS ON EXAMINATIONS FOR LSGD SECTION 





-h-TOTAL 






T 1 


T 2 


T 


STUDENT 

NUMBER 


HIGHEST POSSIBLE TOTAL 






Uio 


65 


h7$ 


18 




280 


kQ 


328 


19 




326 


58 


38U 


20 




176 


2U 


200 




Tl - 


♦ U 21 + 


U 3 1 + F x 


(See Table 35) 




T 2 ■ u 12 


+ u 22 + 


U 32 + *2 


(See Table 35) 



T " T X + T2 
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APPENDIX B 



t 

A.C.T. ENGLISH, SOCIAL SCIENCE, NATURAL 
SCIENCE, AND GENERAL PERCENTILES 
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TABLE 37 



10 3 





A.C.T. PERCENTILE SCORES 
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appendix c 



DATA ON STUDENTS NOT INCLUDED 
IN STATISTICAL ANALYSIS 




117 

-] 
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T A 38 

DATA ON STUDENTS NOT UNCLUDED IN STATISTICAL ANALYSIS: 
YEARS HIGH SCHOOL MATHEMATICS, PRETEST, AND 
POSTTEST SCORES 









LCD 


SECTION 










Student 


*YHS 


CR i 


CR 2 


CF i 


CF 2 


ATT i 


ATT 

2 


ALG 


a 


0 


46 


53 


61 


68 


68 


78 


10 


b 


3 


50 


54 


74 


74 


69 


78 


21 


c 


2 


37 


41 


61 


64 


36 


42 


13 


d 


2 


46 


45 


57 


70 


63 


77 


15 


e 


2 


45 


48 


75 


72 


68 


78 


10 


f 


2 


40 


46 


63 


76 


77 


83 


8 


o 

o 


1 


32 


37 


70 


68 


26 


35 


8 








LSGD 


SECTION 










a 


4 


50 


50 


72 


73 


88 


92 


25 


b 




43 


51 


63 


73 


52 


' 55 


10 


1 c 


3 


51 


52 


79 


73 


70 


57 


18 



*YHS = Years of high school mathematics 

CRj = '’California Reasoning" pretest and posttest 

CF . = "California Fundamentals" pretest and posttest 

ATT = Attitude scale pretest and posttest 
i 

ALG = Algebra test 
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TABLE 39 
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DATA ON STUDENTS NOT INCLUDED IN STATISTICAL ANALYSIS: 
SCORES ON FIVE CRITERION MEASURES 



Student 


LCD SECTION 


Final- 
part I 


Final- 
Part II 


Final- 

Total 


Tndep. Read 
Total 


. Total Pts. 
in course 


a 


55 


11 


66 




28 


242 


b 


65 


IS 


83 




47 


326 


c 


40 


13 


53 




35 


210 


d 


65 


11 


76 




38 


270 


e 


90 


15 


105 




46 


348 


f 


80 


9 


89 




34 


337 


g 


40 


5 


45 




22 


212 


LSGD SECTION 


a 


70 


16 


86 




49 


327 


b 


65 


17 


82 




42 


257 




45 


8 


53 




37 


245 
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APPENDIX D 



RAW AND ADJUSTED MEAN SCORES 
ON EIGHT CRITERION VARIABLES 




120 



were 



The adjusted mean scores listed in the following three tables 
determined, in the case of one covariate, by 
Adj Y i =Y i - b x (1C. - X) , 

where 

Y = raw mean score of group i 
1 

X = mean score of covariate X for group i 
i 

x = a 1 + x 2 )/2 

b = regression coefficient, 
x 

In the case of two covariates, say X and Z, 

Adj = Y i - b x CX i - X) - t> z (Z^ - *0 > 
where b x and b z are the partial regression coefficients and the other 
symbols are defined as above (Walker and Lev, 1953, p. 397 and p. 404). 

TABLE 40 



MEAN SCORES AND ADJUSTED MEAN SCORES ON ALL 
EIGHT CRITERION MEASURES FOR BOTH GROUPS 



1 


LCD SECTION 


LSGD 


SECTION 


Criterion 


Mean 


Adjusted 

Mean 


Mean 


Adjust. 

Mean 


Post -reasoning 


48.55 


48.82 


49.20 


48.93 


Post -fundamentals 


70.20 


69.95 


70 . 85 


71.10 


Post-attitude 


68.75 


69.99 


69.25 


68.01 


Final exam.- part I 


5 0 . 25 


59.51 


63.50 


63.24 


Final exam. -part 11 


12.60 


12.65 


13 30 


13.25 


Final exam.- total 


71 . 85 


72.16 


77.10 


76.79 


Total points indep. read. 


36.40 


36.16 


40 . 30 


40.54 


Total points in course 


275.60 

. 


276.31 


295.00 


294.29 
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TABLE 41 
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MEAN scores and adjusted mean scores on all eight 

CRITERION MEASURES FOR UPPER ABILITY LEVEL 





LCD SECTION 


LSGD 


SECTION 


Criterion 


Mean 


Adjusted 

Mean 


Mean 


Adjusted 

Mean 


Post -reasoning 


51.10 


52.26 


53.50 


52.34 


Tost- fundamentals 


74.90 


75 . 49 


74.80 


74.21 


Post-attitude 


73.20 


75.09 


77.90 


76.01 


Final exam.- Part I 


72.50 


73.68 


77.00 


76.81 


Final exam.- Part II 


14.40 


14.60 


16.80 


16.60 


Final exam.- Total 


86.90 


89.29 


93.80 


92.41 


Total points indep. read. 


40.00 


40.67 


49.40 


48.73 


Total points in course 


312.60 


313.47 


336.10 


335.23 



TABLE 42 

MEAN SCORES AND ADJUSTED MEAN SCORES ON ALL EIGHT 
CRITERION MEASURES FOR LOWER ABILITY LEVEL 





LCD SECTION 


LSGD 




SECTION 


Criterion 


Mean 


Adjusted 

Mean 


Mean 


Adjusted 

Mean 


Post-reasoning 


46 . on 


45.41 


44.90 


45.49 


Post- fundamentals 


6S.70 


64.81 


66.90 


67.79 


Post- attitude 


64.30 


64.62 


60.60 


60.28 


Final exam.- Part I 


46.00 


44.22 


50.00 


51.78 


Final exam.- Part II 


10.80 


10.53 


9.80 


10.07 


Final exam. -total 


56.80 


54.69 


60.30 


62.42 


1 Total points indep. read. 


32.80 


32.17 


31.20 


31.83 


j Total points in course 


j 238.60 


234.28 


| 253 . 9 0 


258,22 
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regression coefficients 
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APPENDIX E 



AIKEN AND DREGER ATTITUDE 
TOWARD MATHEMATICS SCALE 



112 



OPINIONAIRE 



Directions: Please write your name in the upper right hand corner. Each 

of the statements on this opinionaire expresses a feeling which a parti- 
cular person has toward mathematics . You are to express on a five-point 
scale, the extent of agreement between the feeling expressed in each 
statement and your own personal feeling. The five points are: Strongly 

Disagree (SD) , Disagree (D) , Undecided (U) , Agree (A) , Strongly Agree 
(SA) . You are to encircle the letter which best indicates how closely 
you agree or disagree with the feeling expressed in each statement as it 
concerns you. 

1. I dc not like mathematics. I am always under 
a terrible strain in a mathematics class. 

2. I do not like mathematics and it scares me 
to have to take it. 

3. Mathematics is very interesting to me. I 
enjoy math courses . 

4. Mathematics is fascinating and fun. 

5. Mathematics makes me feel insecure and at 
the same time it is stimulating. 

6. I do not like mathematics. My mind goes 
blank and I am unable to think when working 
math . 

7. I feel a sense of insecurity when attempting 
mathematics . 



'6D 



SD 



SD 



SD 



D U 

D U 

D U 

I) U 

1) u 



SD 0 U 



SD 



D 



U 



A 

A 



SA 

SA 

SA 

SA 

SA 

SA 



A SA 
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1 1 s 

S. Mathematics makes me feel uncomfortable, rest- SI) !) I 1 \ S\ 

less, irritable, and inpatient. 

9. The feeling that I have toward mathematics SP 0 U A SA. 

is a good feeling. 

10. Mathematics makes me feel as though I’m lost SD P tJ A SA 

in a jungle -of numbers and can’t find my way 



out . 

11. Mathematics is something which I cnioy n 
great deal. 

12. Alien I hear the word Math, T have a feeling 
of dislike. 

13. t l approach math with a feeling of hesitation- 

hesitation resulting from a fear of not being 
able to do math. 

14. I really like mathematics. 

15. Mathematics is a. course in school which I 
have always liked and enjoyed studying. 

16. I don't like mathematics . It makes me 
nervous tc even think about having to do 
a math problem. 

17. I have never liked math and it is my most 
dreaded subject. 

18. I love mathematics. I am nappier in a 
math class than in any other class. 



S!> P 



SI) U 



sn i) 



SD D 

sn i) 



SI) I) 



SD D 



SD D 



U 



II 



IJ 



u 



11 



II 



tJ 



\ S \ 
A SA 
A SA 

A SA 
A SA 

A SA 

A SA 
A SA 
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19. I feel at ease in mathematics and I like 
it very much. 

20. I feel a definite positive reaction to 
mathematics; it's enjoyable. 



114 

SD D U A SA 

SD D U A SA 
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appendix f 



questionaire on mechanics of course 




QUESTIONAIRE 



O 

ERIC 



i . Section Number 



2. Check one of the following: 

The course was easier than I 
““ had expected. 

The course was about as dif- 
ficult as I had expected. 

The course was more diffi- 
cult than I had expected. 

3. Regarding the homework _as signments .. . 

*j 

a. Were they- too theoretical? 

Yes 

No 

About right 



Percentage response 
Sec. 1 Sec. 2 Total 



Were they too long: 
Yes 

No 

About right 



c. 



Were there enough challenging 
exercises? _i 



Yes 

No 



4 . Regarding the examinations .. . 

a. C Were they too theoretical? 

Yes '■■■■■'• '■ " 

No 



18.5 


34.8 


26.0 


63.0 


43.5 


54.0 


18.5 


21.7 


20.0 



18.5 


13.0 


16 


44.5 


34.8 


40 


37.0 


52.2 


44 


0 


0 


0 


70.3 


86.9 


78 


29.7 


13.1 


22 


81.5 


86.9 


84 


18.5 


13.1 


16 


33.3 


21.7 


28 


33.3 


21.7 


28 
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Questionaire continued 



Percentage response 





Sec. 1 


Sec. 2 


Total 


About right 


33.4 


56.6 


54 


b. Were they too long? 








Yes 


51.8 


34.8 


44 


No 


25.9 


21.7 


24 


About right 


22.3 


43.5 


32 


c. Did the test questions relate 
closely enough to the class 
exercises? 








Yes 


85.2 


78.2 


82 


No 


14.8 


21.3 


13 


How much time did you have to 
spend studying the material out- 
side of the class period? 








less than four hours per week 


48.1 


39.1 


44 


between four to six hours per 
week 


44.. 4 


52.2 


4S 


more than six hours per week 


7.5 


8.7 


8 


Were you satisfied with the way 
class time was utilized? 








Yes 


92.6 


87 


90 


No 


7.4 


13 


10 


Do you think-; you could have learn- 
ed more in the other section? 








Yes.. ; 


11.1 


13 


12 




33.3 


60. S 


46 


Don’t Know 


55. 6 


26.2 


42 
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Questionaire contined 



8. Do you think your attitude towards 
mathematics has changed since the 
beginning of the semester? 



Yes 

No 



11 



If your ansv/er was yes, how has it 
changed? 



For the better 
For the worse 



Do you think that this course will 
be useful to you as an elementary 
school teacher of mathematics? 



Definitely 

Perhaps 



Definitely not 



10. Would you be interested in elect- 
ing a specially designed 15 semes- 
ter-hour sequence in mathematics 
as your area of concentration? 



Yes 

No 



Perhaps 



What letter grade do you expect 
to receive in this course? 



A 

B 

C 

D 



' Ji 
. .!; \ 



Percentage response 



Sec> 1 


Sec . 2 


Total 


44.4 


56.5 


50 


55.6 


43.5 


50 



100 
0 



92.1 

7.9 



55.6 78 . 2 

40.7 21.8 

3.7 0 



96 

4 



66 

32 

2 



22.2 


21.7 


22 




48.1 


60.8 


54 




29.7 


17.5 


24 




25,9 


21 .7 


24 




29.6 


43.5 


36 




37.0 


34.8 


36 




7.5 


0 


4 
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Ouesti onai rc continued 



FOR SECTION 2 ONLY: 

12. Thich size work group do you think 
was most effective? 

3 students per group 

4 students per oroup 

4 students per group, but paired 
within the group 

13, The amount of time spent in regular 
lecture activities was. . . 

too much 

about right 

too little 



Percentage response 
See. 1 See. 2 Total 



- 13.5 

•1.4 

52.1 



0 

S2 .6 
17.4 
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APPENDIX G 



UNIT TESTS AND FINAL EXAMINATION 




12.1 



TEST I - PART I . 



O 

ERIC 



I. Let p and q be propositions. Construct a truth tabic for the 

proposition jjp-^A and tell whether it is a tautology or 

explain why it is not a tautology. 



II, 



Let p and q be propositions. Use the fact that (p*"=>q)^=> Cip^lq) 
to rewrite the following statement in a logically equivalent form. 

A and B are sets. 

ACB if and only if AfiB = A 



III 



Let 


U = ^a, b. 


C = 


^a, c, dl. 


(1) 


(AUB)AC 


(2) 


AdB 


(3) 


rs. A 


(4) 


B X C 






, and 



IV. Use a Venn diagram to illustrate that if A and B are sets, then 
A A (A VJ B) = A. 

V. T RUE or FALSE, If the statement is always true, print TRUE in the 
space below the statement. If the statement is not always true, 
print F ALSE in the space below the statement and then give one 
counterexample. 

(1) If A and B are sets and A£B, then (A x 

(2) if D and E are sets, then D £(D(JE) . 

(3) If X and Y are sets, then (XAY) £X and (X (\Y ) ~ Y • 



134 



122 



(4) If A and B are sets, then (AnB)SA. 

(5) If K and M are sets and KfiM f 0 , then n(K) + n(M) ^ n(K\JM) . 

(6) If X is a set, then n(K)€.K. 

(7) If R and S are disjoint sets, then RS^S. 

(8) If D and E are sets and n(DUE) = n(D) , then E = 0. 

(9j If H and G are nonempty sets and HC.G, then n(GaH) <. n(G) . 

(10) If p and q are propositions and p-*q is true, then the converse 
of the inverse of p-Aq is also true. 

VI. Let a, b, c, and d represent whole numbers. If one of the properties 

A+, A , C+, C , or D justifies use of the "equals" symbol, state 

• . % 

which one. If more t han one is needed to justify use of the equality 
symbol, write the phrase, "more than one needed" below the statement. 

(1) a + (b + c) = (b + c) -*■ a 

(2) a + (b + c) = b + (a + c) 

(3) (a + b> c + (a + b> d = (a + b)*(c + d) 

(4) ((a + b) + c^+ d = (a + b) + (c + d) . 

(5) (a + b)*(c + d) = (c + d) • (a + b) 
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TEST I - PART II. 



7he following statement defines a binary operation, called sub- 
traction, on the set W = ^0, 1, 2, 3, 4, • ■ • 

Definition: Let A and B be two finite sets. The difference of 
n (A) and n (B) , denoted n(A) - n(B), is n(Ac=jB) iff B£A. That is, 
n (A) - n (B) = n(AcaB) iff B£A. [Recall that A n B =[x|x<A and 
x<^^. That is, AoB is the set of all elements of A not found in B 
Exercise : 

(1) Use the definition to find the difference of 5 and 3. That 
is, find 5-3. 



II. Print one of the words TRUE or FALSE after each of the following 
statements. No counterexamples are necessary. D and E represent 
finite sets. 

(a) OCD) - n(E))<£. W 

(b) If D£E, then n(E) - n(D) = EoD. 

(c) E - D is a set. 

(d) If n(D) - n(E) = n(D) ., then E = 0. 

(e) n (D) - n (E) = n(E) - n(D). 
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III. 



We have verified that if A and B are two sets and B£A, then 
BU(AaB) = A and C ft (AcaB) = 0. The following diagram illustrates 
these two facts. 




You may need one or both of these facts in the proof below. 

Give a reason or reasons for each step in the following theorem. 
Theorem : If BS.A, then (nCA) - nCB)) + n(B) = n(A) . 

Proof: Statement Reason 

1. CnCA) - n (B) ) n(B) = n(AOB) + n(3) 1. 

2. = n C (AcaB) UB) 2. 

3. = n(A) 3. 




TEST I I - PART I . 



Give a reason justifying each step in the foliowing computation 
You are to assume that we know the basic 100 addition facts. 



Statements 

1. 46 + 73 = (4*10 + 6 ) + (7*10 + 3) 

2. = [(4*10 + 6 ) + 7 • lcQ + 3 

3 . = £7 e 10 + (4*10 + 6 )^ + 3 

4. = [c 7 * 10 + 4 ' 10 ) + il + 3 

5. = [(7 + 4 )* 10 + 6 ] + 3 

6 . = fll -10 + 63+3 

7 . = f(l *10 + 1)' 10 +6^+3 
-Lu • 10*10 + 1*10) + 6 } + 3 

9 "« 01*1O»1O + l«lcQ + (6 + 3) 

10 . G* 10*10 + 1 *10l + 9 

11 . 0-19) ten 

Write (475) ten as a base eight numeral. 

''•••>-••- • -''V • •: • . V ^ • v.-v- •' • <' r-\‘: ■■ 

Write (2310) £bur as a base; ten numeral. 

V"' .. : , : £? v; v .\ 

h — ' 1 • 



Reasons 

1. 

2 . 

3. 

4. 

5. 

6 . 

7 . 

8 * 

9. 

10 . 

11. B.T.N.S. 












(a) Find the prime factorization of 756.. 

(b) Find the prime 'factorization of 990 . 

(c) Use (a) and (b) to find the G.C.0. of 756 and 990. 

(d) Use (a) and (b) to find the L.C.M. of 756 and 990. 






Prove or disprove : : 163 is a prime number. 

• . ^ ■■ ' • ' : ' 1 . : : ^ ' • ■ ' 

r-r^. 7-7 : 7 7 7 '-:. '• 

: 7., 77 77 7.77 77,777 ; '777^ ; -7 . 7 : 7 

'' 777 7 : ' 

. • '..7 7 -:,-- - 

-7 ■■ 



7 j . : 
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VI. Use the theorems of Chapter IV to show that 45 divides 83, 765 ,4.:>0 . 

VII. In each of the following statements, tell whether the statement is 
always true or not always true. If it is always true, write TRUE 
in the space below the statement. If it is not always true, write 
FALSE in the space below the statement and then give one counter - 
example . 

(a) If a, b, and c are counting numbers and if a is a factor of 
c and b is a factor of c, then a*b is a factor of c. 

(b) If k is the L.C,M. of two counting numbers x and y, then 
(x + y) is a factor of k . 

(c) If d is the G,C.D. of x and y, then d divides (x + y) . 

(d) if r, s, and t are whole numbers such that r s is a multiple 
of t , then r is a multiple of t or s is a multiple of t . 
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TEST II - PART II. 

)efinitions. Let A be a nonempty finite set and let R be a subset 

)f AxA, the cross product* of A with itself. 

L. If (a. a) R, for every element a A, we say R is a r eflexive 
subset of AxA. 

2. If (b , a) R whenever (a,b) R, we say R is a sym metric subset 
of AxA. 

3. If (a,c) R whenever (a,b) and (b , c) both belong to R, we say R 
is a transitive subse t of AxA. 

4. If R is a reflexive, symmetric, and transitive subset of AxA, let 
us say R is a dandy subset of AxA. 

Example : Let A -^1,2,3^. Then AxA = 1 , 1) , (1 ,2) , (1 ,3) , (2,1) , (2 , 2) „ 

(2 ,3) , (3,1) , (3,2) , (3,3)^, The subset R = ^(1 , 1) , (2,2) , (3 , 3) , (1 , 2) , (2 , 1)^ 

is a dandy subset of AxA. The subset S = ^ (1 , 1) , (2 , 2) , (3 , 3) , (1 , 2) , 

(2. 1) , (2,3)^ is not a symmetric subset of AxA because (2,3)CS and 

(3.2) A S , hence Sis not a dandy subset of AxA. 



* Recall that the cross-product of two sets X and Y, denoted XxY , is the 
set of all possible ordered pairs of elements (x,y) , where x^ X and v & 
E xercises : 

1. Let A = |f, 2 :kls the subset K = ^(1 ,1) (1,2) , (2,1) , (2,2)^ of AxA 

(a) a reflexive subset of AxA? (yes or no?) 

(b) a symmetric subset of AxA? (yes or no?) 

(c) a transitive subset of AxA? (yes or no?) 

(d) a dandy subset of AxA? (yes or no?) 




O 
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Let A = ^1, 2, 3^ and let R be the set of all ordered pairs (x,y) 
of AxA such that x is smaller than y. 

(a) List two elements of R. 

(b) Is R a reflexive subset of AxA? (yes or no?) 

(c) Is R a symmetric subset of AxA? (yes or no?) 

(d) Is R a transitive subset of AxA? (yes or no?) 

(e) Is R a dandy subset of AxA? (yes or no?) 
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TEST III - PART I .. 

I. If the statement is alway s true , print TRUE in the blank provided. 

If the statement is not always true , print FALSE in the blanK. 
provided. NO COUNTEREXAMPLES NECESSARY. 

1. If b is a nonzero integer, then (""b) is less than zero. 

2. If x«Z, y.feZ, and y t 0 , then = ~ * 

3. If c£Z and d€Z and d ^ 0, then (c -r d)4 R- 

4. If a, b, c, and d are all nonzero integers and i = then 

aS d _ c 
b* d ~ d 

5. If a, b* c, cl y e, and f are nonzero integers and — 

then EL = £,*— * 
b f c 

Xf r> s, and t are nonzero integers, then (r»s) T t - (r V bj*s. 

7. If p, q, and r are nonzero integers, then r (p + q) = 

(r T p) + Cr -V q) • 

8. If a, b, c, and d are elements of Z, and c ? 0 and d t 0, then 

Ca i. b) i d) . / 

xf ra , n , and p are nonzero rational numbers, then (m -f ")-*• p = 
m ~ (n -r p) • 

10. If r £lr and s^Ir, then r»s€ 

11. If a, b, and are positive integers, then iL <. ^ + ~ 

12. If x<R. then x£Z. 

13. If x£. R and ,y eR, ; (;then (x + y)C R- 

_14. If xi.R and y^S.R, then (x • y)^.R. 

\ " 142 ; ; 
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15. If x€.R but x<f.Z, then xelr. 

16. If x<Z, y£Z, and y i 0, then 



17. If x<;Z and y€ Z, then (x - y'X.R- 

18. If x^.Ir and y€.R, then x»y £lr. 



II. Recall the following statements relative to the addition and/oi 
subtraction of integers. 

S tatement A : If a and b are posi tive integer s and b_<_a, then 

a + ("b) = a - b. 

Statemen t B: If a and b are p ositive intege rs^ and a_<_b, then 

a + (~ b) = “(b - a) . 

St atement C : If a and b are integers , then a - b = a + Cb) . 

Complete each of the following statements: 

1. To compute the sum C“2) + 7 , we could use statement — _ — > 

with a = and b = _ . The sum, according to the state- 
ment you intend to use, is . 

2. To compute the difference (“2) - ("7), we could use statement 

with a = and b = The difference, according 

to the statement you intend to use, is • 



m . Use the following theorem (and show your work) to find whole numbers 

q and r so that 58 = 8»q + r, where r < J. Theo re m: . Let a and d 

be positive integers with b < a. If a - ^b - b - ... - b - r, then 

q - b ' s 

a = b •>.a + r . 



IV. Prove: The set of nonsero rational numbers is closed under division 
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V. (a) Give a reason (or reasons) justifying each statement below. 

1. If k and x are real numbers and k»x is a rational number, 

then k*x = — for some integer c and d. 
d 

Reason 

2. If k»x = J , tl- x = J-r k - 
Reason 

3. If k is a nonzero rational number , then £. -J* k is a rational 
number. 

Reason 



4. If ~ k is a rational number, then x is a rational number, 

d * 



Reason 



(b) Complete the following statement by giving the ^trongcsjt 

possible conclusion based on the sequence of statements in 

part (a) . 

If k is a nonzero rational n< nbe-r *hd * is an i‘~ ." t l 'ml. ntunbc 



then k% x is a(n) 



number . 
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TEST III - PART IT. 



Recall that the cross-product of two sets A and B, denoted A x B, is the 
set of all ordered pairs of the form (x,y) , where x£A and y^.B. 
Defi nition 1 : Let F represent the subset of all ordered pairs of 2 x Z 
of the form (a,b) , where aCZ, be Z and b ? 0. That is, F is the set 
of all ordered pairs of integers where the second component is not zero. 
Let (r,s)<£F and (t,w)eF. We will say that (r,s) and (t,w) are kin., 
denoted (r,s) (t,w), iff r.w = s-t. 

Ex ercises : 

I. Verify that (2,3) and (6,9) are kin. 

II. Verify that (3,7) «(4,8). 

Definition 2: Define two binary operations, denoted 0 and 0 , on !• as 

follows: If (a ,b)^ F and (c,d)€.F, then 

(a,b) © (c,d) • (a»d + b«c, b*d) and 

(a,b) 0 fo,d) = (a 4 C, t y»d) . 

Exa mples : 1. (? ,'3) © (4,5) = (2* 5 + 3»4, 3 »j) 

= (22, 15) 

2. (2,3) 0 (4,5) = (2*4, 3* 5) 

= (8, 15) 

Exe rcis es : 

III. Is F closed under 0 ? Explain. (R-ecall that sot A is closed 
under an operation * defined on A iff x*y4A formal A and yS. A . 
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IV. Is I closed under © ? Explain. 

j 

V, Is 0 a commutative operation? Prove or disprove. 

VI. Prove or disprove: If k is a nonzero integer, then 

(a, b) 75 (a*k, b«k) . j 

VII. Find the ^ inverse of (2,3). (Mote: If A is a set and is an | 

operation defined on A and a * 7. = Z * a = a for all a*A, we say 

* t 

Z is the *-identity element of A. Also, if acA and b 6 A and a * b ■ 

= b * a = Z, where Z is the ^-identity element of A, we say b is 1 

the * -identity inverse of a) . 



: 
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FINAL EXAMINATION - PART I 





Dir ections : In each of the following 25 exercises there is one best 

alternative. Print the letter of this best response in the blank 
provided to the left of the statement. 

1. If the universe U = 0, 1 , 2 , 3 ,4,5 , 6, 7*^ and subsets A, B, and 

, B = ^2,4,6 

a) 'N(AUB) = C 

b) = C 

c) A o B = C 

d) a) and b) are both correct. 

e) a), b) , and c) are all correct. 



^ , and C = ^3 ,7^ 



then 



>f U are A 



= jo.l.25 



2. If the universe U = ^1,2,3,4,5,6,7,8,9,10^ and if A = ^1,2,3^ 
and B = ^2,4,6^, then which one of the following statements 
is false ? 

a) n(AO B) = 1 

b) n(AU B) = 5 , 

c) n Hoi (A 0 8f( = 4 

d) n(^A) = 7 . - • 

. , : : - • ■ . ; \ . • \ 

e) n(AO B) = n(A) + n(B) - n(AA B) . 



3. The shaded region in the Venn Diagram below is 
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4. Let A and B be two nonempty sets. If n(A) - n(B) = n(AeaB), 
we can conclude 

a) A and B are disjoint, 

b) n(A) + n(B) ^ nCAUB) 

c) A era B * 0 

d) A and B can be matched one-to-one. 

e) none of the previous answers. 



5. If A and B are two nonempty finite sets, then we can conclude 

a) n(A x B) = n(A) *n(B) 

b) n(AllB) = n(A) + n(B) 
c }AxB=BxA 

d) A x BSAUB ■ 

e) none of the previous alternatives. 

6. The prime factorization of 756 is 

a) 2* 2* 3*7* 9 

b) 2» 3*7 

c) 2*2*3* 3*21 

d) 7* 2 *2* 5* 5 + 5*2*5 + 2*3 

e) none of the above are correct,. 

7. The whole number represented by (34) s ^ x is relatively prime to 

a) (24) ten 

*>) ( 24 >nin<, 

c) (24) eight 

d) C24) seven 

e) none of the above. 



136 



8. The whole number represented by (l- 0 2) three 

a) can also be represented by C92) ten 

b) can also be represented by (12) s ^ x 

c) is divisible by (2) three 

d) is a prime number. 

e) none of the above are correct . 

9 . if 420 = 2°2»3*5*7 and 3465 = 3*3‘5*7*11, then 

a) the G.C.D. of 420 and 3465 is 2*3‘5*7»11. 

b) the L.C.M. of 420 and 3465 is 2 * 2 * 3*3»3*5*5‘7 *7 *11 . 

c) the L.C.M. of 420 and 3465 is greater than 420*3465. 

d) the G.C.D. of 420 and 3465 divides the L.C.M. of 420 

and 3465 . 

10. If x, y, and z are whole numbers, then in order to prove 
that x + (y + z) = y + (x + z) , we would hav e to use 

a) only the commutative property of addition of whole 
numbers . 

b) only the associative property of addition of whole 

numbers.' •' 

c) both the commutative and associative properties of 
addition of whole numbers. 

d) only the distributive property. 

e) the commutative, associative, and distributive properties. 
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11. The statement "If x and y are whole numbers, then x + y is 
a whole number," is logically equivalent to 



then x + y is not a whole number, 

b) If x + y is not a whole number , then x is not a whole 
number and y is not a whole number. 

jf x + y is a whole number, then x and y are whole numbers. 

d) If x + y is not a whole number, then x is not a whole 
number or y is not a whole number. 

e) none of the above. 

12. If x, y, and z are counting numbers such that x»y divides z, 
then we can conclude 

a) x and y are relatively prime. . -■% ;<:•/ 

b) x divides z and y divides z. 



a ) xf x is not a whole number or y is not a whole number, 




c) / the ( -s y :7- > v "P' 

d) there is a counting number k so that z»k - x*y 

e) none of the above ^ • ; 




A" 




13T If t and s are counting numbers whose G.C.D. is r, then 



a) s is their L.C.M. 



b) r»s is their L.C.M. 



c) r is a prime number. 



d) there is a counting number k so that s«k - r 



e) none of the previous answers are correct. 







13S 



14. If x, s, and t are counting numbers such that r divides t 
and s divides t, then we can conclude 

a) r and s are relatively prime. 

b) r»s divides t. 

c) (r + s) divides t. 

d) t is the L.C.M. of r and s. 

e) none of the above. 

15. If x, y, and z are counting numbers such that x divides z, 
then we can conclude 

a) if y divides z, then x»y divides z. 

b) z is a multiple of x« y . 

c) if z divides y, then x divides y.. 

d) if x divides y, then y divides z. 

e) none of the above; 

16. If p and q are two different prime numbers, then we can conclude 

a) p »q is never a prime number. 

b) p + q is never a prime number. 





a) 8 divides k . 

b) 24 divides k 

ijc)0:j27 :;: ^iyides 



d) 36 di 

e) 8, 24, 27, and 36 all divide k 
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If x, y, z, and w are all nonzero integers such that 
x*y = z« w , then we can conclude 

a) the fractions x/z and w/y are equivalent. 

b) the quotient 0 % y) z is an integer. 

c) z is a multiple of x*y. 

d) a) and b) are both true. 

e) a), b) , and c) are all true. 



19. Let x and y be nonzero numbers. If x«y is rational, then 



we can conclude 

a) x is rational and y is rational. 

b) the multiplicative inverse of x»y is rational. 

c) x»y 7 * x is rational. 

d) if x is irrational, then y is rational. 

e) none of the above . 

20. If r is a nonzero rational number, then we can safely 
conclude 

a) the product r«r is a positive real number. 

b) the additive inverse of r is negative. 

c) r can be expressed as a terminating decimal. 

d) the square root of r is irrational. 

e) none of the above. 
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21. If r, s, t, and u are nonzero integers, then 

a) (r * s) * '(t * s) « r * t. 

£ j. I _ r 7 . * 

OJ S * U S T u* 

c) 

s u t u 



d) a) and b) are both true. 

e) a), b), and c) are all true. 

2 

22. The rational number 

a) is lsas3 titan the rational number -A. 

O 

b) is the additive inverse of the rational number 

c) is equal to the rational number 

d) can be expressed as a terminating decimal. 

e) is equal to ("2) *r y- 

23. If x and y are positive integers and x < y, then 

x _ x + 7; ;; 



^ a) ^ = 



y-'> y + 7 - ; C l; 

b) ¥- = q + r , for some integers q and r. 



c) + y > i . 

y X- 



d) "ii i. 

J . y » X 

e) none of the above answers are correct. 



ERJjC 
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24. If s and t represent two distinct lines in space and 
s (\ t = 0 , then we can conclude 

a) s and t are parallel. 

b) s and t are skew lines. 

c) if IT i is a plane containing s and TT 2 is a P lane con- 
taining t, the*. 7' | n 7T 2 = 

d) there is a plane containing s such that IT f\ t = 0. 

e) none of the preceding!,. 

25. If g is the relation ffrcnns Re to Re defined by g(x) = x«x + I, 



for all x £ Re, then 

a) g(x) is a positive irsI nusiber, for all x £ Re 

b) gCjT) is a ratiomsi number . 

c) g is a function from Re to Re. 

d) a) and b) are both true. 

e) a), b), and c) are all true.; 



■M. 





FINAL EXAMINATION - FART II 
QUESTION I . 

Defini tion : Let a, b, and m be integers, where m> 1. We say n__is 

congruent to b modulo m, denoted a 2 b mod m, iff m divides 
(a - b) . 

Examples : 1. 11 = 3 mod 4 because 4 divide 3 (U - 3). 

2. 13 sfc 2 mod 5 because 5 does mot divide (13 - 2). 

Exercises : 

X. Is 29 =2 mod 9? (Just answer yes or no). 

XX., Find a whole number in so that 16 S 4 mod m. 

III. Find the sma llest whole number b so that 315b mod 6. 

XV. Let x and y be whole numbers and suppose that x divides y- Find the 
smallest whole number k so that y ~ k mod x. .•* 

V. The following five theorems will be given without proof. The 

exercises be low relate to the theorems and to the definition of 
congruence given above . 

Theorem 1 . If a Sb mod m and c is an integer, then a*c ssr b »c mod m. 

Theorem 2 . If as b mod m and c is an integer , then a + c. 2 b + c 

mod m. 

Theorem 3. If a s b mod m and b ~ c mod m , then a == c mod m. 

Theorem 4 . If a s b mod m and a » b mod n and if the greatest 

common divisor of m and n is 1, then a s b mod m«n. 
Theorem . sW If a. c £b*c nod m and if the greatest common divisor 
of c and m is d, then a b mod(m/d) . 
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Exercises : 

1. If 6»a= 6»b mod 14, find m so that a ss b mod m. 

2 . If a=b mod m , find n so that (a - b ) S 0 mod n . 

3. Find a whule number c so that if a~c = b.c mod 9, then as b mod 9. 

4. Find an integer m so that if 7cb mod 6 and 7 £b mod m, then 
7 Jb mod 6 *ro . 

In each of the following exercises, if the statement is always true, 
write true in the blank provided. If the statement is not always true, 
write false in the blank to the left of the statement. 

5 . If 7 3 mod 6 and 7 3 b mod 8, then 7 = b mod 48. 

6 . If 32 2= 2 mod m, then m 2 0 mod 30 . 

7. If 5*ag 1 mod 4, then a = 1. 

8. If a H b mod m and a S c mod m , then a«b 5= a*c mod m. 

g, if a 15 0 mod m, then a + b S b mod m. 
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FINAL EXAMINATION - PART II 
QUESTION II . 



Definition: A. Boolean Algebra consists of nonempty set ^ and two 

binary operations defined on B satisfying the our condi- 
tions given below. Let us denote the binary iterations by 
o and *, read circle and star , respectively. 

1. For all elements a and b in B, a o b and a * b are 
also in B. (We say B is closed under o and respectively). 

2. For all elements a and b in B, a o b = b c a. and 

a * b = b * a. (These are called the commutat ivce proper- 

ties of o and *) . 

3. There are two elements, denoted i Q and i* , in B such 
that for each element a in B, 

a o i .= a and 
; ! a * i* = a.. 

(The two elements, i Q and i* , are called the circle - identity 
and star-identity elements respectively) . 

4. For all elements a, b, and c in B, 

a o (b * c) - (a o b) * (a o c) and 

a * (b o c) = (a * b) o (a * c) . 

(These are called the distributive properties of o over — 
and * over 6 , respectively). 

5. For each element a in B, there is an element, denoted 
by a' , in B such that 

a o a' = i* and a * a’ = i Q . 




(The element a’ is called the inverse of aj ., 
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Theorem: The set B 




together with the set operations union and intersection is a 
Boolean Algebra. 



Remarks:' To prove this theorem we must verify that all four conditions 



specified in the definition are satisfied. Early in the 
semester we verified that the union of two sets and the inter- 
section of two sets is a set and that set union and set inter- 
section are both commutative operations, hence, we need not 
check conditions 1 cr 2 . Also, we have shown that intersection 
distributes over union and union distributes over intersection, 
for arbitrary sets X, Y, and 2, hence , we need not check 
condition S with respect to the elements of B. To complete 
the proof, you are to consider the following two exercises. 



Illustrate the fact that you have probably found the correct 



Exercise: Identify the identity elements, specifying which is which 



identity elements by using the two elements 




in B 



Exercise : 




EkLC 
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FINAL EXAMINATION - PART II 
QUESTION III. 

Recall that in our brief study of plane geometry, we did not define 
what we meant by the terms point or line , but merely accepted them on 
an intuitive basis. We then accepted as true, a number of statements 
called postulates or axioms. 

We are now going to do the same type of thing, except that our 
space will contain only a finite number of points, rather than an in- 
finite number. Because we will only have a finite number of points, we 
can't really talk about lines in the usual sense, hence, we will discuss 
things called "lins" instead. 

Undefined terms : Point, lin 

Definition 1: Space is the set of all points in our present discussion. 
Definition 2: Two lins are parallel when they have no point in common. 

Postulates: 1. Two points determine a lin. That is, there is one 

and only one lin that contains two given points . 

2, A lin contains exactly two points . 

A-.’ 3 '.:; Given a point P arid a lin k not containing P, there 
is exactly one lin that contains P and is parallel to k. 
4. The space consists of at least three points. 

Remarks : The postulates give us a method of visualizing a lin. 



viz., a lin is just a pair of points. 
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Exercises: Give a reasonCs) wherever requested, for each step in the 

following proofs. 

Theorem 1 : The space consists of at least four points. 

Proof : 

1. The space consists of at least three points. 

Reason : 

Call the points A, B, and C. 

2. The pair of points A and B constitutes a lin. 

Reason : 

Call the lin k. 

3. C is not contained in k. 

Reason : 

4. There is a lin, say m, containing C that is parallel 
to k . 

Reason : 

5 j m contains one additional point, say D. 

Re ason : 

6. /. There are at least four points in the space. 

Theorem 2 : The space consists of exactly four points. 

■■■■■'• Proof : • 

1. The space contains at least four points, say A, B, C, 

and D . C : . ■ '' ' ■; : ”... V. ' 

Reason : Theorem 1. 

2 . If the space contains 5 points, say A, B, C, D, and E, 
then the lin containing C and D and the lin containing 

D and H are both parallel to the lin containing A and B. 




Reason 



3. But these two lines cannot be parallel to the lin 
containing points A and B. 

Reason : 

4. /. There cannot be a fifth point. 
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